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ULTIPLIED occupatiooB of the 
moft urgent nature put it totally out of my 
power to fumifh you at piefent with thofe 
preliininary remarks on the utility of your 
mathematical models, which I gave jrour fub- 
fcribers reafon to exped. I do not however 
think any reflexions I could ofier of fuch im- 
portance, as to make it worth your while to 
fufpend the delivery of your boxes; and I really 
know not when I ihall be lefs engaged. 

I intended to flate^ that you by no means 
fland pledged to my theory of mathematical 
evidence. Neither haye I been active in bring- 
ing out your mechanical demonflrations, as 
fuppofing them calculated to corroborate nqr argu- 
ments. 



(vi) 

ments. Thofe arguments muft ftand by their 
o\ni ftrength. I do not fuppofe them likely to 
be fpecdily overthrown. 

Your apparatus in my opinion will be of 
infinite ufe to parents, interefted in fecuring 
to their children the bleffing of a clear and 
jufl underilanding. A much greater pro- 
Jiortion, I believe, than nine out of ten of thofe, 
who are educated to the profeflions, or to live 
without a profeffion, conceive an infuperable 
difguft againft Geometry, as it is ufually taught : 
and very little management will moft furely be 
fufficient to prevent this pernicious effed by the 
hdp of your models. 

It may bethought, that the long demonftrations 
in Euclid are of ufc in bellowing a facility in 
conceiving and recalling long chains of argument. 
This advantage I ihall not call in queHion ^ for 
I am not difpofed to depreciate the merits of the 
antient Geometricians. 

I fhall however obferve that, as all ideas are 
derived from fenfe, all argument muft confift of 
a ftatemerit of fafts or perceptions. The true 
Way therefore of making ideas durable, or rather 
cafily excitable, is to make them diftin6t at firft. 
It was on this account truly obferved, that '' the 
'^ art of memory is the art ofattentionr The fame 

end 
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fend will be anfwcred by any contrivance, calcu- 
lated to render perceptions vivid. On this 
principle your tangible proofs of the properties 
of figures will be eminently ferviceable to the 
intelledhial faculties of young people. The 
efFe6t will be exa6Uy the reverfe of that produced 
by Reading-made-easy and by the Grammars 
in ufe. 

For thefe feveral years^ I have been cor- 
refponding and converfing with different friends 
about a proje^^ much allied to that which you 
have now executed, and which will come in verv 
well after yours. It is to eflablilh a manufa6turc 
ofRATioNALToYS. I bclicvc parents are become 
fafficiently attentive to education to give fuch a 
fcheme fupport -, and fortunately it cannot alarm 
any prejudice. The defign is to conftru6t models, 
at firft of the moft fimple, and afterwarcis of more 
complicated machines. The models are not to 
be very fmall, and they are to be fo conllru6ted, 
that a child may be able to take them to pieces, 
and to put them together again. The particulars 
of the defign are too numerous to be given here. 
It comprehends engravings and a good deal of 
letter-prefs. I have in view, not merely infor- 
mation in mechanics, chemifiry, and technology^ 
but the improvement of the fenfes by prefenting, 
in- a certain order and upon principle, objcfts of 
touch along with objedts of fight. In this im- 
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portant bufinefs we have hitherto .trufied to 
chance. But there is eveiy reafon to fuppofe, 
that INTELLIGENT ART will producc a much 
quicker and greater effeft. Should inftruc- 
tion addreffed to fenfe be made in any 
country the principle of education^ ihould the 
befl methods of cultivating the fenfes be fhidied, 
and ihould proper exercifes be devifed for re- 
producing ideas (originally well-defined) fome- 
tunes with rapidity, at others in di verified trains, 
the confequence is to me obvious. The 
inhabitants of that country would fpeedily become 
as far fuperior to the reft of mankind in intelled and 
efficiency — ^in the scire and posse of Bacon — 
as the moft cultivated people of Europe are now 
fuperior to the Portuguefe, or to the Moors of 
Barbary. 

The defign \diich I have here intimated is as 
boundlefs as nature and art. In the courfe of 
the enfuing winter I hope to get a few fets of 
thefe rational toys, with the engravings and the 
explanation, executed. 

Others may proceed upon that foundation^ 
or, without waiting for me, they may devife a 
plan for themielves upon the hints I have here 
thrown out. 

I am. Sir, with all good wiihes. 

Your very obedient fervant, 

THOMAS BEDDOES. 



PREFACE. 



Jl HEutilityofGBOMETRYisfowellunderilood, 
that it is onl7 neceflaiy to delineate the par- 
ticular chara&er of the prefent work. The 
afped of Mathematical Science^ as it is com- 
monly exhibited, cannot be denied to be forbid- 
ing. Experience evinces that an exceedingly 
fmall proportion of thofe^ who are made to attend 
Ledures on the Mathematics, as eilential to a 
liberal education, become mailers of the firfl ^% 
books of Euclid. Perfons lefs fortunately cir- 
cumflanced, feldom have opportunity in early 
life to learn the properties of plane and folid 
figures; and yet they commonly feel a curiofity 
to obtain fome infight into Natural Philofophy, 
. and the various Arts, in which the principles of 
Geometry find their application. 

Thefe confiderations induced the Author, about 
thirty years ago, to invent mecbcmieal, otfalpable 
demonfirations of the mod important propofitions 
in Geometry. From 17^ to the prefent time, 

ho 
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he has repeatedly exhibited them in London, 
Briftol, and other places. In the fame way he 
has exemplified fome of their practical iifes in 
Navigation, Architedure, taking of Heights, 
Menfuration, Gauging, and Surveying. And 
he has enjoyed the fatisfa^on of being able to 
render the truths he wiflied to communicate, 
quickly, and diftindly intelligible. Some other 
Le^rers, he has reafon to think, have fince 
partially adopted his plan , and it is poiiible that 
iimilar ideas may have occurred to various perfons -, 
but the fcries of demonflrations, now prefented 
to the public, is entirely his own. Their utility, 
he prefumes, will be acknowledged j though 
nothing of the kind, as far as he knows, has ever 
been offered to the public. 

In the Profpedus it was promifed that the 
Apparatus fhould coniift of upwards of 50 fchcmes 
and models in card-paper, wood, and metal : 
to render it more ufeful, it has been confiderably 
extended. By it may be conveyed to very young 
perfons the knowledge of the fundamental pro- 
pofitions in Greometry, as well thofe of Euclid as 
fome others which do not occur in that author. 
To acquire mathematical information will be 
rendered by this contrivance an amufement 
inflead of a tafk. The repugnance generally 
excited by the ordinary method will be avoided, 

and 



( *i ) 

and proficiency in the cxa6t Sciences will bd' 
mucb expedited, by fo advantageous an intro^ 
dudbion. Nor can the Apparatus be accounted 
dear, as by it more propofitions may be taught kk 
an Hour than in a' Week by Euclid, or any othcjr 
Treatife of abjftradt Geometry. The Author is' 
not lingular in believing that his Work wiH ho; 
found highly ufeful to all Tutors, whether in pri- 
vate Families, in Boarding Schools or Academiesjfc, 
and even in the Univerfities themfelves. 

When the Profpedhis of this Work was firfl: 
publiihed, it was not intended to touch on the^ 
Fiftir Book of Euclid, which treats of the do6hine 
of proportion ; partly^on account of its difficulty, 
and partly from its not being a fubje6t adapted to 
mechanical proofs. However, as fome of the pro- 
pofitions are too valuable to be paiTed by in filence, 
an Eighth Book is added, in which it is prefumed 
they are explained in a manner fufl[iciently 
clear to be readily underftood by young Students; 
if they have already acquired a general knowledge 
of the Rule of Three, in common arithmetic. 

The Author cannot conclude 'this Preface 
without thanking his very refpe6table Subfcribers 
for their liberal fupport : to feveral he is 
indebted, not only for their fnbfcription, but 

for 
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for the aftive part they have taken in recom- 
mending the work ; more particularly he 
muft acknowledge his obligations to Thomas 
Beddoes^ M. D.* 5 as probably the work would 

• 

iiever have been publiihed, had it not been for 
Us preffing perfuafion> and uncommon adivity, 
in recommending the plan to his literary friends. 



* This Gentleman, without any previous knowledge 
of the Author's invention, had infifted upon the 
neceffity of teaching the Elements of Geometry on 
this Plan, in a work entitled ** Obfervations on 
demonftrattve Evidence" publifhed by Johnfon, St. 
Paul's Church-Yard, 
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An Essay on 

MECHANICAL GEOMETRY. 

BOOK I. of 

Definitions, Angles, ^ Thiangles. 



DEFINITIONS. 

GEOMETRY* is the fcience of exten- 
fion ; which treats of the properties 
of lines, angles, furfaces, and folids. 

2. A Phyftcal Point is an indefinitely 
fn^all quantity, as a dot (.) made with a 
point of a needle. But a Mathematical or 
Geometrical Point is not a quantity, but 
only a term or bound of a quantity : Or, 
in Euclid's words, is *' that which hath 

A no 

* According to its ctimology, Signifies the art of 
meaCuring land ; being probably the firft or principal 
u&, to which the knoivledge of geometry Y'aft applied. 



4 Definitions, BoOK I. 

C. 1. inclination of two lines BA, CA, is an 
F. 3. angle. But if one line (lands upright on 
F.4. the other, as the lines DE, FE, one can- 
not be faid to incline to the other ; and yet 
it is by all Geometricians* called a Right 
Angle^ anvi confequently Euclid's definition 
is not fufficiently general. 
^•5' 12. If an angle opens more than a right 
angle, it is called an Ohtuje Angle, 

13. If an angle opens Icfs than a right 
F. 3. angle, it is named an Acut£ Angle, 

14. If there are two or more angles 
meeting at the fame point, it is common to 

■ exprcfs anv particular angle by three let- 
ters, of which the middle one is at the 
vertex, or point of meeting, and the other 
J wo at the lines forming the angle. Thus 
F.6. DBC, or CBD, fignifies the angle at B, 
formed by the meeting of the two lines 
DB, CB. And ABD, or DBA, the 
angle at B, formed by the lines AB, DB. 
Ajain, ABC denotes the angle formed by 
-thi meeting of the lines AB and CB. 
But if there is but one angle at a point, it 
is generally ex prefiTed by a fingle letter at 
that point. 

• The Scotch generally write Geometers. 
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15. If a pair of compafles be opened to C. f . 
any 'extent, and the » point of one of its F. i, 
legs at reft in the point C, (on a plane fur- 
face) and the other leg turned round, the 
point of it willdefcribc a curve line, every 
where eqiiidiftant from the point C, which 
point is called the Center ; and the fpacc. 
contained by that curve line a Circle, — 
Any line drawn from the center t© the 
curve, the Radius^' — The curve line 
itfelf, or the Periphery y is named the Circum^ 
ference, 1 1 is manifeft from this generation 

of a circle, that all lines drawn from the 
center to any parts of the circumference 
are equal ; and that a line palling from any 
point of the curve through the center, and 
produced 'till it comes to the circumference 
on the oppofite fide, is equal to double the 
radium ; which line is n^mcd z Diameter. 
Any part of the circumference of a circle 
is called an Archy or as now more generally 
written, an Arc. 

16. The equality or inequality of angles 
IS beft determined by arcs of equal circles: 

^ All the lines iffuing from a center to die circum- 
ference, like the fpokes in a coach -wheel, are called 
Radii, In Card 5, a number of them arc drawn. 
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C. 9. Thus, figures 2 and 3, CAB and cab^ 
r.2.3 rcprefent two angles. With any extent 
of the compaflesy refting one point in A» 
figure 3, fweep the arc m n, then taking 
ivith the compafles the extent from d to^, 
remove the compaflesy and fetting one 
point in m^ figure 3^ fee if the other point 
will reach exactly to n \ if it does, the 
angles are man ifeftly equal ; if not, it will 
difcover which is the greateil, and their 
difference. 

17. Hence Mathematicians, for the more 
eafy comparing and calculating the pro- 
portion which angles bear to each other, 
fuppofe the circumference of every circle 
to be divided into 360 equal part^, called 
4^grees\ each degree into 60 equal parts, 
called minutes ; each minute into 60 equal 
p^rts li'dmtd fecondsy &c. 

N* B. Sometimes the circumference of 
a circle is called a circle ; as when it is faid 
a circle is divided into 360 degrees, &c. ^ 

18. When one line (lands exaflly upright 
C. 2. on anotlier, it is called a Perpendicular, as 
F.4« the line DC. The angle ACD being 

equal to the anjgle BCD, as a Semi-circle 

is 
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Js equal to i8o degrees (the whole being 
360) each angle mud contain an arc of the 
half of 180 degrees, viz. 90 degrees. 
Hence we fay a Right Angle is equal to 90 
degrees ; an Obtufe Angle is greater than 90 
degrees ; an Acute Angle lefs than 90 Degrees. 

19. A ReSfiUneal Figure is any figure 
bounded by right lines. 

20. A Plane Triangle is a figure bounded C. 2. 
by three right lines. • F, 5. 

21. The lines bounding a triangle are 
named Sides, 

0,7.. An IJoJceUs Triangle has two fides C.3. 
equal. F. 1. 

23. An Equilateral Triangle has three 
equal fides. F. 1. 

24. A Right-angled Triangle is thatwhich F. 3. 
has one right angle ; or which is the fame, 

has one of its fides perpendicular to the 
other, as the fide BC is upright, or per- 
pendicular to the fide AB, the fide AB is 

called 

♦ Wc mention a Plane Triangle above to diftinguifli 
it from a triangle, bounded by arches of circles, on a 
Globe ; which belongs to Spherical Geometry, and 
comes not within the defign of the prefent eflay. There- 
fere in this eflay by a triangle we always mean a plane 
triangle. 
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called the Bafe ; BC the Perpendicular y and 
the fide AC, oppofite to the right angle, 
the Hypothenufe. 

25. An Acute-angled Triangle is any tri- 
angle which has all three angles acute. 

26. An OhtuJe-angledTriangle is that which 
has one of its angles obtufe. 

27. An ObliqueTriangle is a general Name 
Tor all triangles which have not a right 
angle. 

28. A Scalene Triangle is any triangle 
which has three unequal fides. 

29. If a triangle has three angles equal 
to the three angles of another triangle, 
each to each, they arc called SimilarTriangles. 

30. Any figure bounded by four lines 
is called quadrilateral. 

C. 3. 31. ASquare is a figure which is bounded 
F. 4. by four equal lines, and has four right 

angles. 
F. 5. 32. An ObloT;gy RcSf angle y or Right-angled 
Parallelogram y is a figure contained under 
four lines, whofe oppofite fides are equal, 
and hath four right angles; but not four 
equal fide?. 

33- A 
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33. A Rhombus is a figure having four C«3» 
equal fides ; but its angles are not right ^* 6* 
angles. 

34. A Rhomboid, or Rhomboides, is a four C.4. 
fided figure, whofe oppofit^ fides are equal f. 1. 
to each other, but not all four equal, nor are 

its angles right angles. 

35. All other four- fided figures are called F- a- 
Trapeziums, and a line drawn from any 
angle to its oppofite angle is called a 
Diagonal;' thus the figure ABCD reprefents 

a Trapezium, and the lines AC, DB are its 
Diagonals. 

36. Multilateral Figures, or Polygons, are 
figures of any fhape, which are bounded 
by more than four lines ; if all the fides 
are equal they are called Regular Polygons. 

Note, The term multilateral denotes many 
fides, and Polygon many angles ; but if a 
figure has many fides, it muft have many 
angles. 

37. If any part of a circle is divided or 
cut off by a line, the part cut off, be it a 
large or fmall part, is called a Segment, and 
the line which divides the circle is named 
the Chord, or bafe line of the fegment : 

B thus. 
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C.4. thus, the chord line AB divides the circle 
F. 3- into two unequal fegments, ABD and AEB ; 
but the chord line ah pafHng through the 
center C, becomes a diameter, and divides 
the circle into two equal fegments, aDby and 
aEby and therefore each is called a femicircle^ 

38. If two lines are drawn from the cen- 
ter of a circle to two points in the circum- 
ference, cutting off a» part lefs than a 
femicircle, the part fo cut off is named a 

f. 4« SeSfory as ABC. 

39. Parallel Lines are thofe which are 

every where at the fame diftance from each 

other, and therefore if they could be infinitely 

produced, would never meet. Thus AB, 

F.5. CD, the diftances aby r^/ being equal, are 
parallel lines. 

j^' 40. A Parallelogram is a four-fided figure, 
6. & whofe oppofite fides are parallel, whether 
f ' J ' the angles be right angles or not. 

41 . A Cube or f)ie is a folid figure bounded 
F.6. by fix equal fquares, eredled perpendicular 

to each other. 

42. Scholiuniy* We have taken notice, 

* Scholium fignifies a remark or note. 

that 
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t. ^t Euclid fays a point is that ^hichhasno 
part or magnitude ; to this it hath been ob- 
jefted, " that if it has no part or magnitude, 
it can have no exiftcnce." Perhaps we may 
be able to clear this difficulty, by obferving 
that, in the figure which reprefents a cube, 
the common place of meeting of the three 
planes ABGF, BCDG, FGDE, is at G ; C.4. 
and therefore the point G, the common ter- F-^* 
mination of the three planes is really a 
mathematical point ; it manifeftly has no 
part or magnitude, but muft 6xift with the 
folid, though it is no part of it. 

In like manner according to Euclid, a 
line is length without breadth, and there- 
fore its exiftence has been denied, as well 
as that of a mathematical point : But the 
two planes ABGF and FGDE terminate or 
meet each other in the line FG, which muft 
have exiftence with the folid, though no 
part of it. 

The definitions of other folids, &c. will 
be given hereafter as occafion may require. 

B 2 43. 
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43. Mathematicians make ufe of the 
terms, podulates, axioms, propofitions, 
problem?, and theorems. 

A Postulate is fomething required to 
be granted, to prevent cavils. Euclid's pof- 
tulates are, 

I. 

Let it be granted, that a ftraight line may 
be drawn from any one point to any other 

point. 

2. 
That a terminated ftraight line may be 
produced to any length, in a ftraight line. 

3- 
That a circle may be defcribed from any 

center, at any diftance from that center. 

To thefe of Euclid ftiould be added another 

poftulatc, viz. 

4. 
Grant that one figure may be laid on 

another. 

See note on this pojiulate in our Geometry ^ 
article 304, page 3. 



44. 
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44. Axioms are truths fo exceedingly 
clear, as to require no demonftration. In 
Euclid we find the following : 

I. 

Things which are equal to the fame are 
equal one to another. 

2. 

If equals are added to equals, the wholes 
are equals. 

3- 
If equals be taken from equals, the re- 
mainders are equals. 

4- 
If equals be added to unequals, the wholes 

are unequals. 

5- 
If equals be taken from unequals, the 

remainders are unequals. 

6. 

Things which are double of the fame, are 

equal to one another. 

Things which are halves of the fame, are 
equal to one another. 

8. 
Magnitudes which coincide with one 

another, that is, which exaftly fill the fame 

fpace, are equal to one another. 9, 
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The whole is greater than its part. 

lo. 

Two ftraight lines cannot inclofe a fpacc. 

1 1. 

All right angles are equal to one another. 

Note, The I2th of Euclid is not fuf- 
ficiently clear to be called an axiom, but 
requires a demonflration ; and has been the 
caufe of rauch debate amongft both the 
ancient and modern Geometricians ; for 
which reafon it is here omitted, and a more 
ufeful one inferted, viz. 

12. 

All the parts taken together are equal to 
the whole. 

Note, This is not in Euclid, though he 
frequently makes ufe of it. 

45. Propositions are things propofed 
to be done, and are of two kinds. Problems 
and Theorems. A Problem is a praftical 
propofition, as to draw one line perpendicular 
to another. A Theorem, a fpeculativc 
propofition, the truth of which may be de- 
monftrated ; as the three angles of a triangle 
are together equal to two right angles^ or 180 
degrees. 
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'46, A Demonstration is the proof of 
the truth of any affertion. 

47. Though it be our principal defign 
in this eflay to convey clearly the knowledge 
of the moft ufeful Theorems f with their eafy 
or mechanical proofs y yet it may be expe<^ed 
that we (hould give fome of the moil ufeful 
Problems before we proceed ; but as their 
rational^ could not be underftood without 
knowing the propofitions on which they 
dependj we (hall firft proceed with thp 
Theorems, and afterwards give fome of jth^ 
moft neceflary Problems. 

BOOK I. SECTION H. 

Of angles made by lines meeting, or eroding 

each other. 

Theorem i. Any angles if pi^ofured ly 
a large or f mall circle ^ will he found to contain 
the fame number of degrees. 

For as a degree, by article 17th, is the 
360th part of the circumference of any cir- C. ^ 
cle, be it a large or fmall circle, the length 
of a degree muft increafe or decreafe in the 
fame proportion as the circumference of the 
circle increafes or dccreafes ; and confe- 
quently the arc reprefenting any number of 

degrees 
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degrees in one circle, will be to the whole 
circumference, as the arc repreCsnting the 
fame number of degrees in any other circle 
to the whole circumfejrencc of that other 
circle. Hence it follows, that if the angle 
DCB by the large circle contains any num- 
ber of degrees, for example, 60; it will 
interfeft the fame number of degrees on the 
fmall circle. 

Hence the reafon of expreffing the mag- 
nitude of an angle, by faying it contains a 
certain number of degrees. 

Theorem 2. A Line Jianding an another 
line making angles with /VV the fum of fhefe 
angles is equal to two right angles ^ or 180 
degrees. 13 E. i. or4 D. I.* 

The line DC wiih the line AB makQ9C»6 
two angles ACD and BCD. About the 
point of interfe6lion C, with any radius 
(extent of the compaffes) fweep the femi- 
circle adh : Now the arc hdis the meafore 
of the angle BCD, and the arc ad the mea- 
fure of the angle ACD ; but both thefe arcs 

make 

• 13 E. I. or 4 D. 1. is to be read the 13th pro- 
pofition of Euclid's ift. Book, or 4th theorem of 
Donne's ift. Book ; and the like for others. 
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make up the femtcircle, or 180 degrees/ 
equal to two right angles. 

Corollary. Hence if one cf the angles 
ie a right angUy the ether muft alfo be a right 
^ne. 

Theorem 3. If two or mere lines fiand 
en the famt line y eU the fame point y making an- 
gles with ity the f urn of all the angles is equal 
to two right angles y or 180 degrees* Corollary 
2. of D. I. 

For let two lines DC, EC be drawn, C.7. 
meeting in the line AB in the point C, and 
about C as a center with any convenient 
radius defcribe the femicirle adch ; then is 
the arc be the meafure of the angle DCB, 
^.arc f^/of the angle DCE, and the arc da 
the meafure of the angle ECA ; but thefe? 
three arcs compleat the femicirclefl//r^, ot 
the three angles are equal to 180 degrees, or 
two right angles. And hence it muft alfo fol- 
low, that if ever fo many lines met in the 
point, the angles muft be equal to the femi- 
circle, orx8o degrees. 

Th e o r e m 4. If two or more lines interfeSi 
/cnt another in the fame pointy all the angles 
iakert together are equal to 4 right angles y or 
360 degrees. Corollary 4 of 4 D. i. 

C Thus 
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C^8. Thus if two lines AE, DB intcrfeft or 
crofs each other in the point C ; thea about 
Cy as a center, with any convenient radius 
defcribe a circle abed^ and it is maiiifeft 
that the meafures of the 4 angles aCdj dQc^ 
cCby and bQay are together equal to 360 
degrees ; and if ever fo many crofs each 
other in the (ame pointy all the angles taken 
together can make no more thaa the whole 
circle, or 360 degrees. 

Theorem 5. If two lines tnterje5l each 
other ^ the oppojite angles are equal. Thus 

C-9' the angles ACD and BCE are equal ; alfo 

P»rti the angles DCB and ACE are equal to each 
other. 15 E. I ; or 15 D. i» 

For as the lines AB and DE are made to 

Parts turn about the center C, as much as you 
open one angle upward you will opea the 
other downward, aad therefore in every 
pofition the oppofite angles formed mud be 
equal to each other. 

Scholium. In fomc fchemes there are dots 
made to catch the eye ; thus if two angles 
h^ve one dot in each (.) it denotes that 
they are equal to each other; thus is the angle 
ACD equal to the angle ECB. If two angles 

are 



% 
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^♦3 each marked with two dots (..) it (hews 
they are equal ; aifo, if two angles are 
marked with three dots {'.') it fignifies that 
they alfo are equal to each ot{i«r« Again, 
if in two fchemes, as for inftance in Card 
1 2y in the two triangles, if one fide of one 
i« crofled witha dafli (ij and one fide of the 
other triangle is alfo marked with a dafh, 
it denotes that thefe fides are equal ; and if 
another fide in each triangle is marked with 
two da(hes (ii) it. (hews that thefe two fides 
are equal. Laftly, if the remaining fide of 
one is crofTed with three dafhes (III) and the 
remaining fide of the other is alfo marked 
with three dafhes, it denotes alfo an equality 
between them^ 

Theorem6. If a line crojfes two parallel 
lines the adjacent fingles an equal ; that is, 
thoje on the fame are equal to each other. — 
Thus, let A B be' parallel to CD, EH a line ^-^^^ 
crojftng them : then I fay the angle EFB fin 
which I have made one dot (.) is equal 
to the adjacent angle FGD {in which 
1 have alfo made one dot (.) a8 E. i. or 7 
P, I. 

G 2 For 
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For AB being parallel to CD, and EF 
and FG beingone ztd the fame right line ; it 
isevident EF mufl have the fame inclination 
or pofition with rcfpcft to FB, as FG has 
to GD ; which is all that is to be underftood 
by angles being equal. 

Xheorem 7. If a line croffes two parallel 
lines ^ the alternate angles are equal ; that is, 
the angle on one side of the crojffing line is equal 
to the angle on the other side, viz. Let AB C. tt 
and CD he two parallel lines, and EH a line 
eroding them; then the angle AFG fin 
which is made one dot {•) is equal to the alter- 
nate angle FGD, fin which is alfo made a. 
dot {.) Def. 32. I^' i^ty^a E. I. 

For if the angle ^S is cut out, it wilt 
Coincide with the angle FGD ; but this will 
be fufficiently clear without cutting the 
figure. For the angle AFG is eqtiat to 
the angle EFB by Theorem the 5tb ; and 
th^ angle FGD is alfo equal to the angle 
EFB by Theorem 6th ; therefore being 
equal to one and the fame thing they muft 
be equal to each other. 

BOOK 
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BOOK I. SECTION III. 

Of TRIANGLES. 

Theorem 8. If two triangUs ABC, 
DEFj have two sides, and their contained 
angle in one, equal to twojides, and their con^ 
tained angle in the other, viz. the side AB C.it 
equal to DE, AC equal to DF, and angle A\ 
equal to angle D, thefe triangles are equal in 
every refpeSf. 4 E. i, or i D. \. 

For DE being equal to AB, if we cut' 
out the triangle DEF (or it will be fufficiemly 
clear merely to conceive it done) the line . 
DE may be placed on AB, the point D od 
A, and the point E on B ; then the angle 
EDF> being equal to the angle BAC, the 
line DF will fall on the line AC ; and the 
point F on C ; and confequently the line 
FE on CB ; and fo the triangle EDF will 
cxaQly coincide and cover the triangle BAG,, 
and therefore muft be equal in every refpefl. 

Theorem 9. The angles at the bafe of 
an ifofceles triangle are equal. Thus the tri" 
angle ABC having the two sides AC and BC C.f^ 
equal, the angle A will be equal to the angle B. 
5 E I, or 2 D. I. For 



^. 
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For bife<a th^ angle C by the line CD ; 
^ tkat is, let the angle ACD and angle BCD 
be equal to -each other ; then to prove this 
Theorem mechanically, cut out the triangle 
DCB, and laying it on the triangle ,DCA, 
it will exaftly coincide with, or cover it ; 
therefore the angles A and 6 are e.cjual. 

Corollary. If the angle C of an ifofcles 
triangle be bifeSed, the bifefting line will 
be perpendicular to the Bafe, viz^ CD per.- 
pendicular to AB. 

Theorem io. Equilateral triangles are 
equiangular^ 
Ct^ For the three fides of the triangle ABC 
being equal, AC is equal to BC ; therefore 
the angle A is equal to the angle B by The- 
orem the 9th, and BC being equal to BA, 
by the fame Theorem the angle C is alfo 
jequal to the fame angle A, and confequently 
ail three are equal ; or it might be proved 
inechanically, were it ueceffary, by cutting 
X)Ut one of the angles, and placing it on each 
/>f the others, it will coincide and (hew 
itheir equality. 

Theorem ii. Jny two sides of a triangle 
fure greater than the third. 20 E. 1 , or 6 D. i . 

Thus 
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Thus, the two lefler fides AC arid BC of C.15' 
the triangle ABC is greater than the longed 
fide AB. This is fo evident that Proclus 
derides Euclid for giving a formal demonf- 
tration. For would any traveller in hi$ 
fenfes who wanted to go from the town A 
to the town B in the neareft road, go firfl 
to the town C^ and from thence to the town 
B ? Certaifily he would travel on the dircA 
road AB, as the neareft difiance to any two 
points is a right line ; and therefore if he 
deviates out of it, he mud go farther ; or, 
in other words, AC and CB taken together 
mud be greater than AB. 

Theorem 12. If a triangle has unequal 
sides ^ the greateji side is opposite to tht greateji 
angle ; a lejfer side to a lejfer angle ^ and the 
leafi side to the leaji angle. 19 £. i, or la 
P. I. 

About the angular points A,B,C, with any C. 16 
radius defer ibe the arcs ab^ cd^ ef and by in- 
fpedion, or meafi^ring with a pair of com- 
pafles, it appears that the arc dc^ the 
Rieafure of the angle C, which is oppofite 
to the greated fide AB, is greater than the 
arc efi the meafure of the angle B, v^hich 

i^ 
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is oppofitc to the leflcr fide AC ; and the 
arc ah J the meafure of the angle A, is the 
leafty and is oppofite to the ieaft fideBC. 

Theorem 13. The external angle rf a, . 
triangle is equal to the two internal opposite 
angles. 32 E. i, or 10 D. i. 
C.17 Thus, produce AB at pleafure to D, then 
we are to prove that the external angle 
CBD of the triangle is equal to the two in- 
ternal and oppofite angles, A and C. Td 
prove this, draw BE parallel to AC, then 
we have a line DA crofling two parallel 
line*, EB, CA ; therefore the angle EBD 
is equal to the angle A, by Theorem 6. 
Hence wc have proved that the part EBD 
of the external angle is equal to the angle 
A. It remains now only to be proved, that 
the other part, viz. CBE9 is equal to the 
angle C, which is done by taking out the 
angle C, and laying it on the other part of 
the external angle CBE, it will cover it ; 
consequently the two internal angles A and 
C are equal to the whole external angle. 

Theoremi4. The three angles dfa triangle 
iaien together ^ are equal to two right angles, 
or lio degrees. 32 E. I, or II D. I. 

For 
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For through the vertex C of the triangle C. 18 
ABC, draw a line D£ parallel to the fide 
AB ; and produce the fides AC and BC at 
picafure, viz. to F and G, then the line 
FA eroding two parallel lines DE, AB, 
the adjacent angles are equal to each other 
by Theorem 7, therefore, the angle FCE 
is equal to the angle A'; and for the fame 
reafon, the line GB croffing the two parallel 
lines, the angle GCD is equal to the angle 
B ; and by Theorem 5, the lines GB and 
FA, eroding each other in C, the angle 
GCF is equal to the angle ACB : But the 
angles GCD, GCF, and FCE are meafured 
by the ares dg^gfj and/?, which together 
make half a circle, or 180 degrees ; there- 
fore the three angles of the triangle, which 
are equal to them, mud alfo be equal to 180 
degrees, or two right angles. 

Corollary. Hence if two angles of one 
triangle be equal to two angles of another j the 
remaining angle of one mujl be equal to the 
remaining angle of the other. 

Theorem 15. If two triangles have two 
angles of one equal to two angles of the other ^ 
0ach to eachy and one side of one equal to one 

D side 
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side of the ofker^ the triangles are equal in 
every refp^£l. — 20 E* I, or 17 D. I. 

Fot two angles of one being equal to two 
angles of the other^ the remaining angle of 
one mud be equal to the remaining angle of 
the other by the Corollary to the laftTheorem. 
There fore all the three angles of one are equal 
to all the th ree angles of the other, each to each. 
C.12 Hence, if the line DE of the triangle DEFbe 
fuppofed to be laid oti AB, the triangles will 
cover each other, and confequently are equal 
in every refpcft ; but if the young ftudent 
fhould not readily conceive it, he may a£tually 
cut out the triangle DEF, and lay it on the 
other ; the line DF will coincide with AC, 
and EF with BC. 

Theoremi6. Iftwc triangles have three 
sides of one equal to the three sides of the other y 
each to eachy thefe triangles are equal in every 
reffeSf. — 8 E. 1, or 17 D. I. 
C.if For if the triangle DEF be conceived to 
be, or is adually cut out and laid on the tri- 
angle ABC, DE will coincide with AB ; 
the point F will fall on the point C, and the 
triangles exaftly coincide ; therefore are 
they equal io every refpeil. 

Theorem 
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THEOREM17. Similar triangles have their 
like sides prapsrtional ; that tSy as any side in 
§ne is to the like side in the other y fo is any 
other side in the firji triangle to the like side 
in the other, — 4 E, 6, or 7 D. 4. 

Let DE, EF, and FG be each made C. 19 
equal to AB ; the angle D equal to the 
angle A, and the angles DEH, DFI, 
and DGK each equal to the angle B ; and 
confequently, by Corollary to Theorem 14, 
theremaiininganglesDHE, DJF,andDKG 
are each equal to the angle C ; and therefore 
the triangles are all fimilar. Now if we take 
the triangle ABCy and lay it on the triangle 
DEH, it will exaftly cover it ; again, if 
we put the triangle ABC on the triangle 
HNJ, it will exaftly coincide with it. 
Hence it follows, that if DF is twice as 
long as DE, then DJ will be twice as long 
as DH or AC, and J F twice as long asJN, 
or its e^#al CB. Therefore the fame pro- 
portion that AB has to DF, fo has AC to 
DJ, and fo has CB to JF. Again, if DG 
is three times as much as AB, DK will be 
three times as much as AC, and KG three 
times as much as CB ; that is, as AB is to 
DG, foisACtoDK, andfois BCtoKG; 

D 2 ttvft. 
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the like manner of reafoning mud hold good 
in any other length produced, &c. therefore, 
in general, as AB, figure i, is to its like fide 
in figure 2, fo is AC, figure i, to its like 
fide in figure a, and fo is CB in figure i to 
its like fide in figure 2. 

Theorem i8« The fquares qn the twa 
Jhorter fides of a right-angled triangle taken 
together y are equal to thefquare ort the longeft 
fide. Ory in other words y that the fquares on 
L.^o the iafe dB and perpendicular BC, viz. the 
f^juare coloured green^ and that coloured yellow y 
are together equal to the large f quart on the 
hypothenufcy fiained red. — 47 E. i, or ?7 D. I . 
To prove this in the cleareft manner, 
take the two cut parts, which are coloured 
jwUow, and lay them on the refpeflive parts 
of the yellow fquare, agreeable to their num- 
bers ; and they cover the yellow fquare. 
In like manner lay the three cut parts ftained 
green on the refpeAive parts of the fquare 
coloured green, and they will exaftly cover 
that fquare. Now to prove that thefe two 
fquares are equal to the fquare on the hypo- 
thenufe, take all the pieces and lay them on 
the fquare flained red, agreeable to ihcir 

refpcftive 
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rcfpeftive numbers; and they will all together 
exaflly cover that fquare ; and confequently 
prove that, the two lefler fquares are together 
equal to the largeft fquare. N. B. This 
might have been fhewn by fewer pieces, but 
not fo well adapted to young minds. 

Pythagoras on difcovering this Theorem 
was fo fully apprized of its ufefulnefs, that, 
in gratitude for the difcovery, he offered up 
a hecatomb, that is, 100 oxen to the Godsl 

BOOK II. 

Of Angles in Circles, or parts of Circles. 

Th e O R e m I . The angle at the center of a 
circle is double the angle at the circumference; 
that is, if from any point D in the circum- C.20 
ference of the circle two lines DA, DBy are- 
drawn to any two point Sy Ay By in the circum- 
ference, the (ingle ACB at the center is double thai 
at the circumference AD B . 20 E. 3, or 10 D. 3. 

For if the angle ACB be divided into 

two equal parts, and either half, viz. ACE 

• or ECB be cut out and laid on the whole 

^ngle ADB, it will be found to be equal 

to it. 

Theorem 2. The two opposite angles of 
a four-sided figure, infcribed in a circle, 

taken 
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taken togethery are equal to two right angles^ 
or lio degrees. — 22 E. 3, or 12 D. 3. 
jp.fti For let ABCD be a quadrilateral figure, 
infcribed in a circle ; then the angle ADC 
and the angle ABC will together be equal 
to 180 degrees. 

For let the fide AB be produced at plea- 
fure to E ; on D defcribe an arc to reprefent 
the meafure of the angle D ; and with the 
fame extent of the compafles, placing one 
point in B, with the other defcribe a ferai- 
.circlc ; then, by the figure, the angle ABC 
with the angl« CBE is equal to 180 degrees ; 
cut out the angle D, and laying it on the 
angle CBE, it will be found to be equal to 
it ; therefore the angle ADC and the angle 
CBA added together, muft be equal to the 
femicircle, or 180 degrees. 

THEOREM3. 7T?e angles in the fame /eg- 

ment of a circle are equal to each other. — 21 

E. 3, or II D. 3. 

/C.21 For take the triangle, part 2d, and placing 

f*»rti the vertical angle G on the point C in part 

>&2d. ift. fo that the line GE may fall on the line 

CA, then will the line GF fall on the line 

CB, and confequcntly the angle ACB will 

be 
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be equal to the angle G ; in like manner it will 
be feen that the angle G will alfo exadly cover 
the angle ADB ; therefore the angles ACB 
and ADB are equal to each other ; and 
wherever we take a p«int in the circum- 
ference, and lines are drawn from it to the 
extremities A^B, of the chord line AB, the 
angles will be equal, as may be thus fhewn : 
put the Card on a deal-board, and at A and B 
ftick in pins ; then taking the triangle EGF, 
lay the angular point G to the pin at A> and 
the line GF to coincide with the line AB; 
then keeping the fides GE and GF always to 
touch the pins, move the point G from A to- 
wards C, D, and B, and the angular point G 
will always keep in thearcACDB, and confc- 
quentlylines drawn from any point whatever 
in the arc will form equal angles ; and the 
arc will be the locut (or curve) in which the 
point G will always be found. 

Theorem 4. The angle in a femicircJe is 
a right angle. — 31 E. 3, or 15 D. 3. 

The figure, part ift, of this Theorem, C.23 
is a femicirclc, ABbcingthe diameter palling 
through the center, anil by the laft Theorem 
being a fegment of a circle, the angles 

ADB, 
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ADB, AEB, wherever the points D and E 
arc taken in the curve, will be equal to each 
other. And that they are right angles will 
appear by taking part the 2d. viz. the right 
angle FHG, and applying it as we did the 
triangle EGF in the laft Theorem. 

BOOK III. 

Of Plane Superficies. 

TheoREMI. If a line be divided into tw$ 
equal parts ^ the fquare of the line is equal to 
4 times the fquare on half that line. Corollary 
I of D. I. 
C.24 Let AC reprefent a line ; AB its half; 
then it is manifeft by a bare infpeflion of the 
figure, that the fquare on the whole line 
AC, viz. ACDE is equal to 4 times the 
fquare on AB ; viz. equal to the four 
fquares Oy by r, d, 

CoTollary. Hence the rcafon of calling 
the produft of two equal numbers a fquare. 
For here a line AC is divided into two 
parts, thefquareon which containing 4equal 
fquares, the number of which is equal to 2 
multiplied by 2 \ therefore it is called the 
fquare of 2 ; and 3 multiplied by 3 equal to 
9 called the fquare of 3. 
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Theorem 2. If a line be divided into 
any two unequal parts in C, thefquare of the 
whole line is equal to the fquares on the two 
parts^ and twice the reSf angle contained by the 
parts ACi CB — 4 E. 2, or 2 D. 2. 

For by infpcftion of the figure, the fquare C.25 
ABDE is the fquare on the whole line ; and 
i& manifeflly made up of the parts a^ by Cy d. 
But a is the fquare on the larger part AC, 
b the fquare whofe fide is equal to the part 
CB. The reftangle d is in length equal to 
the part AC, and its breadth equal to the 
part CB ; alfo the length and breadth of the 
redangle c is the fame as thofe of the reft- 
angle d. Therefore, it will be as in the 
Theorem. 

Theorem 3. Firjl, The diagonal of a 

rhombus or rhomb oides divides it into two 

equal parts ; 2. they are parallelograms ; 3. 

the oppojite sides and oppojite angles of paraU 

lelograms are equal, — 34 E. I, or 19 D. I, 

and 20 D. I. 

I. If in any rhombus or rhomboides wc^-aS 

draw a diagonal AC, it will divide the 

figure into two triangles ; and cutting out 

the triangle ABC, and laying it on the tri- 

E angle 
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angle ADC, they will cxaftly cover each 
other, and therefore are equalin every re fpe A; 
this proves that the diagonal divides it into 
equalparts ; which is one part of the Theorem. 

a. Again, when the triangle ABC was 
laid on the triangle ADC, the angles A^ 
B, and C, of the triangle ABC, refpec- 
tively coincided with the angles C, D, and 
A of the triangle ADC, and confequently 
are refpeftivcly equal ; therefore, by The- 
orem 6, of Book I, the fides of the figure 
are parallel to each other, and hence the 
figure is a parallelogram by the definition, 
article 40 ; which is another part of the 
Theorem. 

3. Again, the angle D, having been 
proved to be equal to the angle B ; and part 
of the angle C, which is diftinguifhcd by 
one dot (.) and the other part of the angle 
C expreffed by two dots (..) having alfo been 
proved to be refpedively equal to the two 
parts ^f the angle A ; confequently, the 
whole angle C is equal to the whole angle 
A. Hence it i$ proved that the opposite angles 
are equaly and that the opposite sides are 
equal muft follow from the triangles having 

been 
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been proved to be equal in every refpeft ; 
thefe are the laft conditions which were to 

be proved. 

Theorem 4I Every parallelogram^ rhom- 
bus or rhomboides is equal to a reSfangle 
having the fame ^ or equal bafes and equal al- 
titudes. — This includes 35 and 36 E. 1, or 
23 D. I. and Cor i, 2, and 3, of D. 23. 

For let ABCD be any parallelograniy C.27 
rhombus or rhomboides, and FECD a reA- 
angle having the fame altitude or breadth 
FD, and equal bafes, viz. the bafe AB of 
the parallelogram^eoual to the bafe F£ of 
the redtangle ; &3&f the triangle AFD is 
equal to the triangle BEC ; for if the tri- 
angle BEC be cut out, it will exaftly cover 
the triangle AFD ; confequently, to com- 
plete the parallelogram FECD, we take in 
the triangle BEC, and leave out the triangle 
AFD which is equal to it ; therefore, the 
parallelogram FECD is equal to the parallel- 
ogram ABCD ; which was to be proved. 

Theorem 5. A triangle is equal to half ^ 
its circumfcribing re£f angle having the fame 
bafe and altitude^ viz. the triangle AEB ' is 
equai to half the re£f angle ABCD. — ^41 E. I, 
or 24 D. I. 
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For let the triangle be divided into two 
parts by letting fall the perpendicular £F 
(or which is the fame by drawing it parallel 
to CB or DA) then cutting out the triangles 
d and r, they will refpedively cover the 
triangles a and b; and confequently the 
parts of the parallelogram taken out being 
equal to the whole triangle AEB ; the tri- 
angle is half the parallelogram ABCD. 

Theorem 6. Similar furf aces are as the 

f^uares* of their like iides. This Theorem irt' 

eludes not only 19 E. i,/or triangles ; and 20 

E. I y for polygons ; but is a general Theorem 

for all similar furf aces whatfoever. 

Two fquares are fimilar figures. I/Ct the 

fide of the large fquare be twice as long as 

the fide of the leffer fquare ♦ then, by a bare 

infpedion, it appears that' the Jarge fquare 

contains four of the fmall fquares. If AB 

C.29 is equal to 1 inch, thelefTer fqUare contains 

a fpacc of I fquare inch, and if GH is equal 

to 2 inches, its fquare contains 2 multiplied 

by 2, equal to 4 fquare inches. Hence to 

fquare 

* What we call tis thejquares (being a more fimple 
ittm) Euclid calls duplicate ratio* Ratio here means 
proportion. 
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fquare a number is to multiply it by itfelf. 
If the fide of the large fquare were 3, it 
would contain 3 multiplied by 3, equal to 
9 times the furfacc, or area of the Icfler 
fquare. Hence two fquares are to one an- 
other as the fquares of their fides. 

If a Iriangle were to be infcribed in each 
of thefe fquares as reprefcnted by the dotted 
lines ; the triangle infcribed in the little 
fquare would, by Theorem 5, be half of 
that little fquarc^and the triangle in the 
large fquare w+tt De half of that large fquare. 
And therefore, the triangles muft alfo be as 
the fquares of their like fides ; for whatever 
proportion there is between the whole 
fquares, there muft be the fame proportion 
between their like parts. And in general^ 
if a circle or any other figure be infcribed 
in a fquare, and another fimilar figure in a 
larger fquare, though we may not be able to 
exprefs in numbers, exadlly, what part it is 
of a fquare; yet, it is manifert, whatever part 
the figure infcribed in the lefTer fquare is, of 
that fquare, the fimilarfigure infcribed in the 
larger fquare muft be a like part of that larger 
fquare ; and therefore, in all fimilar figures 

the 
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the rule will hold general, that similar fur- 
faces are as thefquares of their like sides. 

BOOK IV. 

Of Solids. 

Definitioni. a Cube is a folid bounded 
by fix equal fquares, ereded perpendicular 
to each other.* 

a. A Prifm is a folid bounded by fevcral 
planes or ends, which may be of any right- 
lined figure, provided they be equal, Cimi- 
lar, and parallel to each other, and the 
other bounding planes parallelograms. See 
folidsy No. lo, and II. 

3. A Parallelopipedon is a particular prifm, 
viz. one bounded by fix parallelograms, 
whereof thofe which are oppofite are parallel 
and equal. If the bafes are fquares the piece 
is called, by workmen, a piece equally 
fquared. No. 10. 

4. A Cylinder is a figure which may be 
conceived to be generated by the revolution 
of a right-angled parallelogram about one 

* The folids are made in wood, and to prevent xnif* 
takes, have numhers (lamped on them ; thus, there arp 
8 fmall cuhes numbered from 1 to 8 inclufive, a large 
cube number 9 ; and the other folids in fuccei&ve order. 
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of its fidesy which remains fixed ; or it may 
be conceived to be produced by the circle at 
one end or bafe, moving on parallel to itfelf, 
till it arrives at the other end. No. 12. 

5. From the generation of the cylinder it 
is manifeft its bafes are equal, and the cir- 
cular ends parallel to each other. 

6. The ^;r/j of a cylinder is an imaginary 
right line joining the centers of the two 
bafes or ends ; or is that quiefcent line about 
which the parallelogram revolves. 

7. A Globe ox Sphere is a perfeftly round 
bally and may be conceived to be generated 
by the motion of a femicircle about its dia- 
meter ; which diameter is called its axis^ 
and the center of the femicircle is the center 
of the globe. No. 13, 

8. A Pyramid is a folid contained by a 
bafe which may be any right lined figure, 
and as many other planes meeting in one 
pointy as the bafe has fides. No. 14, and 15. 

9. A Cone is a folid, one end of which is 
a circle and the other a point ; it may be 
conceived to be generated by the revolution 
of a right-angled triangle about one of the 
fides which contains the right angle ; and 

the 
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the quiefcent fide of the revolving triangle 
is the Axis of the cone, fo produced. No. i6. 

10. If a Pyramid or Cone be cut into tv^ro 
parts by a feftion parallel to its bafe, one 
part wrill be a pyramid or cone ; the other 
part, viz. that next the bafe, is called the 
Frujium of the pyramid or cone. See Card 46. 

11. A Solid Angle is that wrhich is made 
by the meeting of three or more planes. 

12. Similar Solids are thofe vrhich are con- 
tained by equal numbers of fimilar furfaces, 
alike fituated : Or fimilar folid figures are 
fuch as have their folid angles equal each to 
each, and which are contained by the fame 
number of fimilar planes. 

THEOREMS. 

Theorem i. A Pyramid is one third of 
its cinumfcribing prifm, — 7. E. 12. 

Theorem 2. A Cone is one third of its 
circumfcrihing cylinder, — 10 E. 12. 

In Older to prove thefb Theorems me- 
chanically ; among the apparatus there is a 
cylinder, and a cone, of equal heights and 
bafcs, and velTels (or cups) that willexaflly 
contain them. To prove thefe Theorems 

mechanically, 
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mechanically 9 fill the conical cup with water, 
and pour it into the cylindrical veflel ; fill 
the conical veflel again, and pour it into the 
cylindrical cup ; do the fame a third time, 
and the cylindrical veflel will be filled; 
confequently a cone is equal to one third of 
its circumfcribing cylinder, and it muft 
evidently hold good in pyramids, that they 
are one third of their circumfcribing prifms. 

Theorem 3. A Sphere or Globe is tw9 
thirds of its circumfcribing cylinder . 1 8 E . 1 2 • 

The height and alfo ihe diameter of the 
cylinder (in the apparatus) is made equal to 
the diameter of the globe, as may be tried 
by a pair of callipers.* 

To prove the truth of this Theorem me- 
chanically, put the globe into the cylindrical 
cup ; then if it be two thirds of the cylinder, 
one third more mud fill the cup ; therefore, 
fill the conical cup with water, and pour it 
into the cylindrical cup ; then it will, with, 
the globe, fill the cylindrical cup, and con- 
fequently, the globe is two thirds of its 
circumfcribing cylinder. 

F N.B. 

* Callipers are bent compaflet made to take the 
diameters of round bodies, which cannot be done by a 
Araight pair. 
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N. B. In Euclid's I2th book, prdpofition 
8, it is aiGrmed, that flmilar pyramids 
having triangular bafes are one to another 
in the triplicate r^/Z^ J of that of their like 
fides. In propofition 12, it is aiTerted, 
that fimilar cones and cylinders have to one 
another the triplicate ratio of that which the 
diameters of their bafes have ; and in The- 
orem i8 it is faid that fpheres have to each 
other the triplicate ratio of that which their 
diameters have. He has given feparate de- 
monftrations to each particular Theorem. 
But all thefe Theorems taken together are 
not comprehenfive enough ; as there may 
be an infinite number of folids which are 
fimilar, in which the principle is general ; 
and therefore inftead of thefe particular The- 
orems, we ihall give one that includes all 
kinds of folids whatever. 

The0R£M4. Similar folids of what form 
foever they may be, are in proportion to each 
other as the cubes of their like sides , or of any 
lines in them similarly situated. 

Two cubes are similar folids ; among the 
apparatus there is a large cube, each fide of 

which 
X What Euclid calls triplicate ratio we call as the cubes. 
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which is two inches and eight leffer cubes, 
each of whofe fides is i inch. Now i 
multiplied by 1 and that again by i is equal 
to I, and 2 multiplied by 2 is equal to 4, 
and 4 multiplied by 2 is equal to eight ; 
which is termed the cube of 8. Therefore, 
if the large and one of the fmall cubes be in 
proportion as the cubes of their like fides, 
then the large cube mud contain 8 of the 
leflir, and by putting the 8 leffer together, 
they form a cube equal to the large one. 
Therefore, cubes are in proportion as the cubes 
of one of their sides ; or, in Euclid's words, 
in a triplicate ratio. Hence the reafon why 
if we multiply a number by itfelf, and that 
produ£i by the fame number, thela(lprodu£t, 
in common arithmetic, is called the cube. 

Again ; If a pyramid be cut out of a large 
cube it will be one third of that cube ; and 
if out of a leffer cube, it will be one third 
of that leffer cube ; and therefore, thefc py- 
raniids mud be as the cubes of their like 
fides; and it is manifeft, whatever propor- 
tion there is between the whole large cube 
and the whole fmall one, there muft be the 
fame proportion between the one third of 

F2 the 
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the large, and the one third of the lefs. 
And generally, if any other folid of whatever 
(hape be infcribed in a large cube, and an- 
other fimilar folid in the lefs cube, though 
we may not be able to exprefs exadly, in 
numbers, what part ^ the infcribed folid is 
of the large cube, yet it is a certain part, 
and the fimilar folid in the lefs cube muft be 
a like part of the lefs cube; and confe- 
quently, they muft be as the cubes of their 
like fides, or like lines fimilarlv fituated. 

BOOK V. 

Of PROBLEMS. 

^ SECTION I, 

Of Problems relating to Angles, Perpendi- 
culars, and Parallel Lines. 

Problem i. Ts bifeSf a right Uney that 
isy to divide it into two equal parts. '•^lo E. I , 
or 6 D. 5. 
C.30 About the points A and B, as centers, 
r. 1. with any radius greater than half AB, de- 
fcribe parts of circles, viz. the arcs ab^ cd ; 
and through the points of interfeftion draw 
the line EF, and it will cut the line AB in 
G, the point required. 
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For the arcs ab and cd^ being defctibed 
with the fame extent of the compafles, it is 
manifeft that^ as much of thearc^ii as reaches 
beyond the middle of the line from A to- 
wards By fo much muft the arc cd reach 
beyond the middle from B towards A ; and 
confequently the line EF will cut the Kne 
AB into two equal parts. 

Corollary. This alfo fhews how to raife 
a perpendicular on the middle of a line. 

Problem 2.^ To bifeSi an angle.-^g E. i, 
or 5 D. 5. 

Let CAB be the angle which is to be C.3« 
divided into two equal parts. With any F.i. 
radius AD fweep the arc DE, then with 
any radius greater than half the diftance of 
the two points D, E, about the points D 
and E, as centers, fweep the arcs ab^ cd; 
and through the point of interfe£tion draw 
the line AF, and it is done, viz. the angle 
DAF is made equal to the angle EAF. 1 

For the three fides of the triangle ADF 
and AEF being equal each to each by the 
conftrudion, the triangles by Theorem 16 
are equal in every rcfpe£l ; therefore the 
angle CAF is equal to the angle BAFj 
which was tp be done. 
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PROBLEM 3. To draw a perpendicular on 
a given line JB, at any given point C in that 
line. — I i £. I, or 7 D. 5. 

To do this mechanically, take a little 
fquare made in wood, or brafs, like a car- 
ets* penter*s fquare, and place it on the line AB 
at the point C, as reprcfented by the (haded 
fquare, draw the perpendicular CD by the 
fide of it, and it is done ; if you have not a 
fquare, the common little fcale, which is 
generally given in a pocket-cafe of inftru- 
ments, will anfwer the purpofe, for fmall 
fchemes. 

Corollary. To know if the fquare be true, 
turn it, as reprcfented by the unfhaded one 
C31 FCD, and then, if both ways will form 
the fame right line, the fquare is true ; if 
not, the angle formed between the two lines 
will be double the error. 

Probl£M4. To draw a perpendicular to 
a given line ABfrom any point Dy without it. 
12 E. I, or 8 D. I. 
C.sa Slide the fquare along the line AB, till it 
touches the point D, then draw the line 
EC, and it will be the perpendicular required. 

Problem 5. To draw a line parallel to 

another 
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another given Itnej at a given dijiance* — 1 3 

D. 5. 

For this purpofc there is generally (but 
not always) in a pocket-cafe of inftruments 
a parallel ruler. Euclid's nnethod of drawing 
parallel lines is true in theory but not in 
pradice. The eafieft and bed methods, if 
you have not a parallel ruler, are thofe de- 
fcribed in this and the next Problem. 

Let AB be the given line, HG the given ^.35 
diftance ; take the diftance HG in your com- ^« *• 
pafies, and fetting one point in any con- 
Tenient place C, with the other defcribe an 
arc ah ; then removing the compaiTes, and 
placing one point at a convenient didance 
from C (the further the more accurate) viz. 
in D, with the fame extent defcribe the 
arc cd: then by the fide of a ruler draw the 
line EF to touch but not cut the arcs, and 
it is manifeilly the parallel line required. 

Problem 6. To draw a line through a 
given point C, parallel to a given line dB. — 
31 E. I, or 12 D. 5. 

This is readily done by a parallel ruler, 
or without it, thus : With your compafles 
take the neareft diftance between the point C.33 
C, and the line AB, which may be known ^- «• 
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by defcribing the arc ab; if it exaAly touches 
the line AB, you have taken a right dif- 
tance ; if not, you have taken too little or 
too much ; when you have the true diftance, 
placing one point of the compaiTes on a con* 
venient place £» in the line AB, defcribe 
the arc cd; then from C draw a line CD, 
to touch the arc c d; and it is evidently the 
line required. 

Problem 7. To make an angle ejual to a 
given angle. — 23 E. i, or Problem 9 D. 5. 
^•84 Let A be the given angle : Draw a line 
DE ; about A and D, with any radius, de- 
fcribe the arcs ab^ cd^ then take with the 
compaflesthe diilance between the two points 
ay by which fet off from d to r, on the arc 
dcy and through the point c draw the line 
DF ; then will the angle EDF be equal to 
the given angle BAG. 

Problems. To make an angle equal to 
any number of degrees* 

For this purpofe in the pocket-cafes is 
generally a femicircle in brafs, named a 
protradbr, divided into 180 degrees, and 
numbered forwards and backwards. 
C.35 Figure i reprefents the manner of laying 
the protxador in the center at the point C, 
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and the diameter on the line AB ; then with 
the point of a needle make a prick at the 
number of degrees to be fet off; then through 
i/draw the line CD, and the angle DCB is 
that required. 

But if you have not a protra&or, then 
from the line of chords on your fcale (which 
you have in every cafe of inftruments) take 
off 60 degrees in your compaflcs, and fetting 
one point in C, figure 2, defcribe the arc 
dh^ then take off from your fcale the num- 
ber of degrees you are to make your angle 
equal to, and putting one point of the com- 
pafles in b^ fet off on the arc hd that extent; 
draw the line CD, and the angle DCB will 
be that required. 

N*B* Generally there is a needle for 
pricking off the degrees in the handle of 
your drawing pen. Surveyors have com- 
monly a whole circle protradtor^ as being 
more convenient. 

We have now given all the Problems of 
this nature, that are neceflary for our pre- 
fent purpofe ; and therefore muft refer thofe 
who are defirous of feeing^ a greater variety 
of ufeful Problems, with their demonftra- 
^ tions, to our Geometrician. 

G Book 
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BOOK V, SscTioji n. 

We fhall now proceed to give fome Prob* 
lems of a different kind, defigned to (hew 
a few inftances of the ufes of Geometry in 
taking heights^ and diftances, and other 
pradical purpofes. 

ALTIMETRY, 
Or taking Heights of Objedls. 

Problem 9. To find the height of^n ohje& 
ly the Jhadow of a pole; made either by the 
fun or moon. 

Take the board, and fcrew on the pillar, 
^ and put one end of the brafs wire upright in 
the hole, to reprefent the pole ; then, to 
make it more fimilar to real pradice, place 
the board in the funlhine, or if by night, 
before a high candle, that the (hadow both 
of the pole and pillar may be cad on the 
board, which reprefents the ground. Then 
meafure the (hadow of the pole, and the 
(hadow of the pillar, alio the height of the 
pole, and Theorem 10 comes in to our aid ; 
C. 36 for let BC in the fcheme reprefent the height 
of the pole, AB the (hadow of the pole, £F 

the 
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the height of the pillar, and ED its ihadow ; 
then the triangles ABC and DEF are fimi-' 
lar ; therefore, if DE be 3 times AB, EF 
ffiuft be 3 times the height of BC ; or, gene- 
rally, by the rule of three dire6i, as AB 
the fhadow of the pole is to BC the height 
of the pole, fo is D£ the fhadow of the 
obje£l to EF the height of the obje£i: required. 
Noie^ If neither the fun nor moon (hinesto 
caft a fliadow, the height of the objed may 
be found by either of the two next Problems, 

Problem 10. To find the height of am 
objeSt with a pool or bafon of water. (Ufeful 
when the fun or moon does not Jhine.) 

Screw on the pillar ; and on the board is 
a fmall piece of looking-glafs to reprefent 
water ; take the little carved figure of a man, 
and conceive him to walk backward or for- 
ward, till he fees the fhadow of the top of 
the obje6l in the water ; then he is fuppofed 
to meaftire from his feet to the place in the 
pool where he fees the image of the top of 
the objcft, and from thence to the foot of 
the objeS. Let E reprefent the place in C.j/ 
the pool where the image of the top of the 
objca C is feen, BC the objeft, AD the 

G 2 height 
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9 
\ 

height of the man's eye ; then it is well 
known to all who are acquainted with 
OPTICS, that the ray of light CE from the 
top of the objeSl Is rejle^ed to the mans eye at 
Df making the angle BEC and DEA equal.* 
Hence the triangles are fimilar. Therefore, 
by Theorem lo, if EB be three times the 
length of AE, then will BC be three times 
the height of the man's eye. Or generally, 
ftate by the rule of three direft : as the dif- 
tance AE is to AD the height of the man's 
eye, fo is the diftance EB to the height of 
the objeft BC. 

Problem ii. To find the height of an 
ohjeEt by a pole. (Of ufe when there Is nofun^ 
fhlne nor moonlight.) 

Fix up the brafs wire to reprefent the 
pole ; and take the little figure of a man, 
and carry him'backward or forward in a 

line 

* This property of light is alfo applicable to the pUjr 
of billiards. For if an elafiic or fpringy ball (as ivory 
is) be {{ruck in the dire£Uon D£, it will, after ftriking 
againft the fide of the table, proceed in the direflion of 
the line EC ; and therefore the player, before he firikes 
the ball, is to guefs where he (hould dire^ his ball, fo 
that lines conceived to be drawn from the point of ccui- 
ta£l E, may make the angle DAE equal to the angle 
CEB. 
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line with the pole and objeft, till his eye is 
conceived to fee the top of the pole and the 
top of the objeA in a line ; he is fuppofed to 
meafure from his feet to the pole, and alfo 
from his feet to the objeft, and alfo the 
height of the pole ; then Theorem 10 will 
again aflift us. For if AF reprefent the C.38 
height of the man's eye, BE the pole, and 
CD the height of the objeft ; then if we 
conceive a line FH to be drawn from the 
man's eye parallel to the ground AC, the 
triangles FGE and FHD will be fimilar ; 
then if FH be four times FG, HD muft be 
four times GE, to which add CH, (equal to 
AF,) and we get the required height CD. 
Generally, as thediftance the man ftands from 
the pole is to the height of the pole above his 
eye, fo is the diftance he ftands from the 
objeft to the height of the objeH above his eye; 
to which adding the height of his eye, we get 
the required height of the objed. 

LONGIMETRY, 
Or, taking Diftances. 

Problem 12. To find the diftance and 

pojitton of one or more places which are 

inaccejjible ; for example ^ to find the pofition 

and 
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and diftance cf two churches C and D from A 
and Bm 
C39 At A fix a tabic with a flicet of paper on 
it, and making a mark Q i hear the corner^ 
take a ruler with fights on it, and diredi it 
to the towers C, and D, draw a line on the 
table in that diredion, then dire£t the 
ruler to B, a pole (luck up for that purpofe, 
and draw a line in that direAion ; meafure 
the diftance from A to B, and taking off 
from a fcale of equal parts the number re- 
prefenting that meafured diftance, fet it off 
on the line, and where that diftance falls 
make the mark (t) 2, to reprefent the feqond 
ftation. Now remove the table to B, having 
previoufly fet up a pole at A ; and to place 
it in the fame direftion as before, lay the 
ruler on the line 2, i ; move the table about 
till the ruler is in a line with A ; then dire£l 
the ruler to the places C and D, and draw 
lines to interfeft thofe drawn when the 
table was at the firft ftation, and the places 
of intcrfeflion r, //, will fliew the true rela- 
tive fituation of the obje£ls on the table ; 
whofe diftance from A and B, and alfo from 
C to D, are to be meafured on the table, 

by 
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by the fame fcale as you fet off the diftance 
of the (latioDS from. 

Having already noticed that the 47th of 
Euclid's firft book (i8th in this eflay) 
is looked on as one of the mo A important 
propofitions in Geometry , it may reafonably 
be expe£ted that we fhould (hew an inftance 
or two of its ufefulnefs ; we (hall therefore 
give two problems ; one applied to Archi- 
tedure^ the other to Navigation. 

Problem 13. Given the hafe andperpen^ 
dicular of a right-angled triangle to find the 
hypothenufe. 

Example. Given the didance between 
the walls, viz. AB or CD equal to 80 feet, 
and the perpendicular height of the roof FK 
equal to 30 feet, required the length of the 
rafter CE or DE. 

In trigonometry it is common to mark 
given things with a dafh (1) and what is 
required with a0. 

Solution. The triangle CDE, by letting C.41 
fall a perpendicular, may be divided into 
two right angled triangles. CD being equal 
to 80, its half 40 is equal to CF ; hence in 
the right-angled tfiangle CFE we have 
given the bafeCF equal to 40, and perpendi- 
cular FEequal to 30, to find the hypothenufe 
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CE ; to do ivhich Pythagoras' moft valuable 
Theorem will aflift. For the fquarc on 
CF may be reprefented by 40 multiplied by 
40, equal to 1600, by Corollary to Theorem 
ly Book 3, and the fquare on F£ by 30 
multiplied by 30, equal to 900. But the 
Aim of thefe two, viz. 2500 is equal to the 
fquare on CE by the i8th Theorem ; there- 
fore we have now only to find what number 
multiplied by itfelf will produce !;l5oo, 
which is 50 ; for 50 multiplied by 50 is 
equal to 2500 : therefore the carpenter mud 
cut his rafters 50 feet long. 

The method of findingthis number is called .. 
extradling of the fquare root, and is given . 
in every common book of arithmetic. 

In like manner may be found the 
length of a ladder that will reach the 
top of a wall, the height of the wall and 
diflance of the foot of the ladder from the 
wall being given. 

Problem 14. Given the hypothenufe and 
one of the Port sides to find the other. 

This may be applied to navigation. — 
Example. Suppofe a ihip fails in the fouth* 
weft quarter of the compafs from an ifland, 

and 
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and finds by the log-line* that (he has failed 
50 miles, and by an obfervation by a quad- 
rant that fhe is 30 miles to tbefoqthward 
of the ifland ; it is required to find how far 
fhe is to the weftward of the meridian, that 
pafles through the iiland. 

Let the femicircle WSE reprefent half of a C.^a 
mariner's compafs ; I the place of the ifland; 
S the fouth, E the eaft, and W the weft, 

* The method made ufe of by mariners to judge of 
the difiance failed, is to have a line, called a log-line, 
one end fixed to a piece of a board in form of a quar- 
ter of a circle, of about 9 inches radius, (which board is 
calkd the log, made by means of lead to fwim upright) 
the other end is tied to a reel, on which the line is 
rolled up, excepting only fo much as is neceflary, when 
the log is thrown overboard, to let it go at a convenient 
4iftance ; at that place a mark is made, and at every 50 
feet difiance is another mark or knot ; and it is com- 
puted, that as many of thefe knots as run out in half 
a minute^ fo many miles the fliip fails in an hour. 
A quadrant or o^Unt is an inflrument, by which the 
angle of altitude of the fun, at noon, is uken ; by which, 
by the rules in every common book of navigation, they 
find the latitude of the place the (hip is in, and thereby 
how far the (hip is gone to northward or fouthward. 

\* Many years iince I invented an eafy and mecha- 
nic method of conveying general ideas to Ladies and 
Gentlemen, how it is poffible to condu£i a ihip from 
one country to another. 

H points. 
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points. Here we have given thcdiftance failed 
lA, equal to 50 miles, and the difference 
of latitude IB equal to 30 miles, equal to CA, 
how much the fliip at A is got toTouthward 
of the parallel CE ; that is, in the tight 
angled triangle ABI, we have given the 
hypothenufe, and one of the fhort fides to 
find the other. The fquare on IB is equal 
to 30 multiplied by 30, equal to 900 ; 
and the fquare on A I is dqual to 50 multi- 
plied by 50, equal to 2500 ; by Theorem 18, 
Book I, the fquare on IB, and the fquare 
on AB is equal to the fquare on AI ; there- 
fore, if we fubtraft the fquare on IB equal 
to 900 from the fquare on A I equal to 2500, 
there remains the fquare on BA, 1600 ; which 
is equal to 40 multiplied by 40 ; confequentlj 
the (hip is 40 miles to the weftward of the 
ifland. 

BOOK VI. 

Of the RationaU of the Menfuration 

of Superficies. 

Being an, Ajpplication of Book III. 

Definition, To meafure any fuperficies is 
to find how many fquare feet, fquare yards, 
6r any other meafure it may contain. 
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, Problem I. Tomeafurey or find the area 
$r content of a rectangle^ or right-angled 
parallelogram. 

Multiply the length by the breadth. 
For a redangle may be conceived to be 
generated by the motion of a line always 
moving parallel to itfelf. Thus, if AC be C.43 
conceived to be divided into 3 equal parts 
(reprefenting 3 feet) and moved on towards 
DB, when it is come into the pofition 1. 1. 
it will have defcribed 3 fquare feet, equal 
to 3 multiplied by i, equal to 3 ; if into the 
pofition 2. 2. it will have generated or pro- 
duced 3 multiplied by 2, equal to 6 fquare 
feet, and fo on ; for the number of fquare 
feet produced will be always equal to the 
number of feet in breadth multiplied by the 
number of feet in length. Hence, when it 
has paiTed the whole length of feet, or ar- 
rived at DB, the produd, or number of 
fquare feet produced will be 3 multiplied by 
7, equal to 21 fquare feet. If the dimenfions 
were taken in yards, it would contain 21 
f({uare yards. If in Gunter's chains (one 
of which is equal to 4 poles, or 66 feet in 
length by which fields are meafured) then 

H2 the 
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the field would contain 21 fquare chai& ;, 
and to know how many acres; as 10 fquaivv , 
chains 46 an acre, we muft divide by 10 ; 
and 1% divided by 10 is equal to 2 acres 
and eight-tenths of an acre. 

Corollary i . Hence to meafure a fquare, 
is only to multiply the number of feet or. 
chains, &c. in the fide by itfelf. As the 
length and breadth are in fuch cafe equal. 

Corollary 2, Hence, alfo, may appear the 
reafon why 3 multiplied by 7 is equal to 7 
multiplied by 3 ^ or generally, why a mul- 
tiplied by i is equal to i multiplied by a. 
For in the annexed figure it will appear, 
that whether we multiply the number of 
feet in length by the number in breadth, or 
the number in breadth by the number in 
length, it will produce the fame number of 
feet, contained in the reftangle. 

Problem a. To meafure a rhombus or 
rhomboides^ 

The method is the fame as in meafuring 
a rcftangle, viz. to multiply ^the number 
exprcfling the length, by the number ei- 
preffing the perpendicular breadth. For, by 
Theorem 4, Book in, a rhombus or rbom-^ 

boides 
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boides is equal to a reflanglc of the fame 
length and breadth. 

Problem 3. To meajure a triangle. 

By Theorem 5, Book iii,a triangle being 
equal to half its circumfcribing reftangle, 
to meafure it w^ have only to multiply the 
bafe by half of the perpendicular, or half 
the bafe by the whole perpendicular ; or 
take half the produft of the whole perpendi- 
cular by the whole bafe. 

Problem 4. To meafure a trapezium, 

A trapezium may be divided into two tri- 
angles ; therefore run a diagonal line DB, C.44 
and let fall the perpendiculars AE, CF ; 
then multiply the diagonal DB by half the 
fum of the two perpendiculars AE and CF ; 
or the fum of the two perpendiculars by half 
the diagonal ; or the whole diagonal by the 
fum of both the perpendiculars, and half 
the produd will be the required area or 
content. 

ProbleM5.7(7 meafure an irregular righi 
lined^figure. 

Divide it into triangles, or into trape- 
ziums and triangles ; and find their feveral 
contents by problems 3 and 4, and the feve- 
ral 
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ml areas added together will give the con- 
tent of the whole figure. 

Problem6. To meafure a regular polygon. 

Every regular polygon may be divided 
into as many equal triangles as the figure 
has fides. 

Hence its content may be found by mea- 
C.45 Turing the content of one triangle, as ABC, 
and multiplying that by the number of fides 
(or triangles), the produft is manifeftly the 
area of the whole ; or which is the fame, 
and will prepare us for meafuring a circle, 
multiply half the circumference (viz. half the 
fum of all the fides) by the perpendicular CY^^ 
let fall from the center on the fide AB. 

N. B, A regular polygon of 5 Jides is 
called a pentagon (becaufe it has 5 angles^ 
the meaning of the Greek word, from which 
the name is derived) and for the fame reafon 
one of i) fides is called a hexagon^ (which is 
the figure draivn on the card) ; 7 sides an 
heptagon; 8, ^no^agon; 9, znennagon; 10, 
^decagon: 11, smendecagon; 12, SL^odecagon* 

Problem 



Metijuration of Superficies. BdOK Vi. 63 

Problem 7 . To find the circumference of 
a circle y the diameter being known. 

Every carpenter will tell you that, if the 
diameter of a circle be 7, the cirumferencc 
is 22 V and this is fufficiently exad for com- 
mon menfuration. Therefore ftate by the 
rule of three dired, as 7 is to 22* fo is the 
diameter to the circumference nearly. Or 
more exaflly, as 113 is to 355. 

Problems. To meafure a circle. 

It is manifeft that the greater number of 
fides a polygon has, the nearer it approaches 
to a circle, and confequently, (with refpeft 
to praSical menfuration) it may be conceived 
to be a regular polygon of an indefinitely 
large number of fides ; and therefore, by 
the laft problem, its area may be found, by 
multiplying half the circumference by half 
the diameter, (as the perpendicular in fuch 
cafe is the radius of a circle.) 

* This proportion is generally called ArchiTnedes pro- 
portion. It was known to Archimedes and AppoUoniut 
Pergetus about 2000 years a^o* The proportion of 
113 ^^ 355 i^ generally cited, as the proportion 

of Vieta or Metius, Probably, it will never 

be found firi£lly fpeaking exa£l. If the diameter 
is !• the circumference has been computed to be 
3.14159265358979, &c. to more than 100 places of 
decimals, and even then they could not be affirmed to 
be exa3. 
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BOOK VIL 

Of the Rationality of the Mmfuration 

of Solids. 

Beingthe Application of Book IV. 

Problem I. To meafure a cube. 
Cube the number of feet ^ inches, or yards, t^c. 
which a side meafure s in length. 

For inftance ; fuppofe the fide of a cube 
is equal to a feet, then 2 multiplied by i is 
equal to 4 ; and 4 multiplied by 2 is equal 
to 8 (the cube of 2) the numLer of cubic 
feet it contains. The truth of which is 
ihewn by experiment, in illuftrating The^ 
orem4 of Book iv. 

Problems. To meafure a fquare prifm . 

In the apparatus there is a fquare prifm, 
marked by lines, to explain this problem. 
Being a fquare prifm, the end is a fquare, 
and each fide of the end is divided into two 
equal parts, which may reprefent 2 feet ; 
and therefore will contain 2 multiplied by 
2, equal to 4 fquare feet, as reprefentedby 
4 little fquares. Now, we may conceive 
this folid to be generated by the motion of 

this 
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thi^ fquare moving in a right line diredion, 
and keeping parallel to itfelf. Hence it is 
evident, when it has moved on i foot, it 
will kave generated 4 cubic feet ; if 2 feet, 
it will have produced 4 multiplied by 2, 
equal to 8 cubic feet ; if it has moved on 
3 feet, it will have generated 4 multiplied 
by 3, equal to 12 cubic feet ; and fo on, 
till it comes to the end, which in our model 
IS 6 feet ; and therefore the whole content 
will be equal to the area of the bafe, mul- 
tiplied by the length ; in this inflance 4 
multiplied by 6 is equal to 24 cubic feet. 

.Hence this Theorem, to meajure a 
Jquare prljniy fquare the fide, and multiply 
that fquare by the length. 

Pros l e m 3 . Ti mtajure aparaUehpipedon ; 

Multiply the breadth, depth, and length 
together, and the continued produ£t will 
give its folid content. 

The reafon is evident from the method of 
reafoning in the lad problem. For example; 
let the length be lo feet, the breadth 4 feet, 
and depth 2 feet ; then the area of the bafe'^ 
or end, by problem ift of Book vi, is equal 
IP 4 multiplied by 2, equal to 8 fquare feet ; 

H and 
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and, therefore! when the bafe is conceived 
io have moved on lo feet, it muft have ge- 
nerated 8 multiplied by lo, equal to 80 
cubic feet. 

pROBLi^M 4. To meafure ^ prtfm^ what^ 
ever figure its bafe may he. 

General Rule. Find the area of the 
bafe, as (hewn in Book vi, and multiply 
that area by the length ; the produd will 
find the true content. 

Thereafon of this muft be evident from 
the method of' reafoning in the two pre- 
ceding problems. 

Problem 5. To meafure a cylinder. 

Rule. Find the area of the bafe by the 
rule for meafuring a circle, viz. multiply 
half the circumference by half the diameter ; 
which multiplied by the length will give 
the folid content. 

This muft alfo be evident from the above 
reafoning. 

Problem 6. To meafure apyramid^ what^ 
ever figure its bafe may be. 

General kuLE. Find the area of its 
bafe by the rule for meafuring that parti- 

ctilar 
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cular figure given in Book vi. which area 
multiplied by a third of the perpendicular 
height^ will give the content of the pyra- 
mid. For, by Theorem i. Book iv, a 
pyramid is one third of its circumfcribing 
prifm. 

Problem 7. To find the foUd content of 
a cone. 

Rule. Multiply half the circumference 
of its bafe by half its diameter, and the 
produd, by problem 8 of Book vi, will be 
the area of its bafe ; which multiplied by 
a ihird of the perpendicular height of the 
cone, will give the folid content required. 

For, by Theorem 2, Book iv, a cone is 
one third of its circumfcribing cylinder. 

Problem 8- To tneafure fi gJobe orfphere. 

By Theorem 3, Book iv, a globe is two 
thirds of its circumfcribing prifm; there- 
fore, meafure it as a cylinder, and take 
two thirds of tha produft, viz. multiply 
half the circumference by half the diameter, 
.and the produ£i will be the area of the bafe 
of tHe cylinder, which multiplied by the 
length (height) of the cylinder (which is 
equaj to the diameter of the globe) will give 

H2 the 
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the content of the cylinder, two thirds of 
ivhich will give that of the globe. Or» 
(which It the fame thing) multiply half the 
circtmiference of the globe by half the 
diameter, and that produ£k by two thirds 
of the diameter. 

PitdBLEM 9. To meafure thefruftum of a 
cone, 
C.46 Lct»BCHF reprefent the fruftum of a 
cohe, which is to be meafured. From the 
greateft diameter BC fubtrad the lefier 
FH ; half of which remainder will give 
BI, or EC, then the triangles BIF and BPA 
are fimilar ; therefore, ftate by the rule of 
three dired ; as BI is to IF (the height of 
the fruftum) fo is BD (half the diameter of 
the cone) to DA, the height of the whole 
cone, if it were compleated ; then, by 
Problem 7, find the content of the whole 
cone. If from DA, the height of the whole 
cone, we fubtraft DG, the height of the 
fruftum, we getGA the height of the cone 
FAH : ndw find the content of that cone^ 
which fubtraded from the content of the 
whole cone, will give the content of the 
fruftum BCHF, which w^s required. 

Problem 
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Problem 10. To find the content of the 
fruftum of any fyramidf whatever Jhape its 
baje may he. 

GeneralRttJe. Find the height of the whole 
pyramid if complcatcd, by the method (hewn 
in the lail problem^ and then the content 
of the whole pyramid by problem 6. Again, 
from the height of the whole pyramid Tub* 
trad the height of the fruAum, the remain- 
der will be the height of the fupplemental py- 
ramid; find its content I and fubtrading it 
from the content of the whole pyramid, wc 
(hall manifeftly find the content of the 
fruftum required. 

BOOK VII, Section IL 
The Application of Geometry to Gauging. 

By an A£l of Parliament 282 cubic inches 
is a gallon beer meafure \ and 231 a gallon 
of wine meafure. 

Hence, the general rule for gauging any 
iind of vcflel, as the officers of excife tak^ 
their dimenfions in inches, is to find, by 
the refpeftive rule for the figure to be gauged, 
the qumber of cubic inches it contains, and 

divide 
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• 

divide by 282 for ale or beer gallons, or 231 
for wine gallons ; but if for pcialt bufliels, 
by 2150. 

Problemii. To gauge or find the content 
or number of gallons in a cajk. 

There are a multitude of rules laid down 
for Caik gauging ; but the two practical 
ways, fit for our prcfent purpofe, are,— 
C47 Method I . Meafure the diameter FG at the 
middle of the ca(k, or bung; alfo the dia- 
meter of the head BC ; and fubtra£^ one 
from the other ; and take feven-tenths of 
that difference : (or, which is the fame, if 
the young flud^nt has learnt decimals, muU 
tiply by .^) which adcjed to the diameter, will 
give what officers call a mean diameter; that 
iS| the diameter of a cylinder, which they 
fuppofe will contain the fame quantity of 
liquor as the cafk. In the plate, for the 
readier conception, the cylinder and cafk, 
which will contain the fame number of 
gallons, are reprefented. The mean diame- 
ter then is AE or IH ; therefore, multiply 
half the circumference of the cylinder by 
half the diameter, and that produft by the 
J^ength of the cafk or cylinder AI, or EH, 

for 
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for the number of cubic inches contained 
in it ; which divided by 282 will give nearly 
tbe ale or beer gallons ^ or by 231, the wine 
gallons it contains. 

N B, If there (hould be fome difference 

between the two head diaftieters, add them 

together, and take the half for a mean head 

diameter, to be ufed in finding the content. 

Method 2. By the Gauging Rod. 

The Gauging Rod is a rod divided into 
ale gallons on one fide, and wine gallons 
on the other fide, and has generally inches 
on a third, and may have areas of circles in 
ale and wine gallons on the fourth fide. 
Its couftrudion and ufe is founded on 
Theorem 4, Book iv, viz. that fimi- 
lar folids are as the cubes of their like 
dimenfions ; but as calks are not very fimi- 
lar, it is manifeft, a rod of this fort cannot 
be made accurate for diflimilar cafks. The 
method of ufing it is (hewn on the plate, 
by the line FC, which reprefents the length 
of the diagonal, which on the rod gives the 
content ; but as the bung may not happen 
to be exa£lly in the middle of the ca(k, the 
excife officer generally puts it from the bung 
F to the bottom of the other head B ; and. 
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if there is a difference^ takes a mean con* 
tent between the two. 

N*B. In large cafks containing valuable 
liquor, neither of thefe methods ought to 
be depended on ; but a middle diameter 
ibould be taken between the bung and one 
of the heads, alfo between the bung and 
other head ; but thefe methods are too in- 
tricate for our prefent purpofe ; whkh has 
been to convey ideas of the mod ufeful and 
neceflarypropofitionsyin a clear, mechanical 
manner. 

BOOK vni. 

Oa PROPORTION, is^c. 

Definitions, &c. 

t. When a leiTer magnitude is contained 
exa&ly a certain number of times in a 
greater, it is faid to meafure the greater ; 
and the leiTer, or meafuring quantity, is 
called an alifuot part: and as magnitudes 
may be exprefled by numbers ; we may fup- 
pofe, for example, one to contain 61b 
weight, the other ^% \ then 3 the nieafur- 
ing number is contained twice in 6. Here 
3 is an aliquot pari of 6. 
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a. A greater magnitude is faid tp be .a 
multipli of a leifer, when the lefler is con- 
tained exactly a certain number of times in 
the greater ; thus 6 is a multiple of 3, as it 
contains the leiTer twice, exadly. 

3. When magnitudes are Compared toge- 
ther, they muft be both of the fame kind ; 
as for inftance, 2lb. weight may be com- 
pared with a 61b. weight ; (but 2lb. cannot be 
compared with 6 yards.) Here, one weight 
61b. is twice as heavy as the other of 31b. ; and 
therefore 6 is faid to be to 3, as 2 to i ; 
which is called the ratio, 

4* Proportion or rather Proportionality is an 
equality of ratios. Thus, as 6 yards are to 2 
yards, fo are 1 2 yards to 4 yards. For 2 yards 
are contained in 6 yards 3 times, and 4 yards 
are contained in 12 yards alfo 3 times. (Or 
6 yards are 3 times 2 yards, and 12 yards 
are alfo 3 times 4 yards.) Therefore, the 
ratio of 6 to 2 is as 3 to I ; and of 12 to 4 
alfo as 3 to I. Therefore 6, 2, 12 and 4 
are faid to be in diro^i proportion ^ and ufualty 
written thus, as 6: 2:: 122 4; or gene- 
rally, if 0, by Cy dy any four magnitudes or 
numbers are in dire£t proportion, we write, 

I as 
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as aiiticidf which we read thus; as 
the qtiantity or number reprefented by a is 
to that'denoted by by fo is the quantity or 
number reprefented by c to that reprefented 
by^. 

5. Three numbers are faid to be propor- 
tional, when t\it firft is to the fecondzs^ the 
fecondis to the third; that is, for inftance, 
as 1 : 4 :: 4 : 8 ; or generally, zsaibii bic. 

6. If any nnml)er be multiplied by itfelf, 
the product is called its Jquare ; thus 9 is 
called a fquare number ; for 3 multiplied by 
3 is equal to 9. See explanation of Theorem 
6, Book III. 

7. Tht fquare root of any number, is a 
number which multiplied by itfelf will pro- 
duce the given number ; thus 3 is. the fquare 
root of 9, for 3 multiplied by 3 is 9. 

8. The fquare root of the produA of any 
two numbers is called a geometrical mean. 

9. Half the fum of any two numbers is 
called an arithmetical mean. 

10. If any number be multiplied by itfelf, 
and that produA by the fame number, this 

laft 
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lad produd is called the cuie of the given 
number ; thus 3 multiplied by 3 is equal to 
g, and 9 multiplied by 3 is equal to 27 ; 
which is therefore called a cube number, $ee 
explanation of Theorem 4, Book iv. 

1 1 . The cube root of any number is a num* 
ber, which multiplied by itfelf, and that 
again by the fame number, will produce 
the given number; thus 3 is the cube root 
of 27 ; for 3 multiplied by 3 is equal to 9, 
and 9 multiplied by 3 is equal to 27. 

12. If a number does not admit of an 
exa£t root, it is called a furd or irrational 
number. 

Note^ The method of extra6ling the fquare 
root, and cube root, of any number may be 
feen in any common book of arithmetic. 

Before we proceed farther, the young 
fludent fhould make himfelf acquainted with 
the following chara£ters ; which are not 
only neceflary, for underftanding the doc- 
trine of proportion here treated of; but, 
alfo, for reading moft mathematical works. 

1 2 CHA. 
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CHARACTERS Explained. 

•.* Therefore. 

4" The fign of addition ; thus a-j-j, (ignifies 

a 

that 2 and 3 are to be added together ; 

and is read 2 plus 3 ; or 2 more 3 ; or 

2 and 3. 
^-» The fign of fubtradion ; as 3 — 2 de* 

notes that 2 is to be taken from 3 ; read 

thus, 3 minuf 2 ; or 3 lefs 2. 
X The fign of multiplication ; as 3X4 

ftands for 3 multiplied by 4. 
-4- The fign of divifion ; as 6-7-2 fignifie$ 

that 6 is to be divided by 3 ; fometimes 

written thus, -. And-^^fignifiesthat 

2 2 

the numbers denoted by a and b are to be 

added together, and the fum divided by 2. 

c= The fign of equality ; as 3+21=5, is 

to be read 3 plus 2, or 3 and 2 are equal 

to 5. 

^ Is called the radical fign, and fignifics 
the fquare root ; thus ^^4 i£ to be read, 
the fquare root of 4; ^y/ % denotes the 
cube root of 8. v^«X* fhews that the 
number reprefented by a is to be mul- 
tiplied by the number reprefented by h, 
and the fquare root of that produ£l to 
be extrafted. 
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As the relation of magnitudes may be re- 
prefented by numbers, we fliall, for the 
fake of clearnefsy exprefs them by numbers; 
or by letters, to reprefent them more 
generally. 

Theorem i. IFhen four numbers are in 
dire^ proportion y the product of the extremes 
is equal to the produil of the means. 16 £. 6, 
or 6 D. 4. 

Thus, as 6:2:: 12:4, by Definition 4*. 
Here the produ£t of the extremes is 6X4 
=;=24 ; and 2X 12, the produdl of the means, 
isaIfo=:24. Or gencrally> if a:t:u:d, 

then aXd=iX^' 

Theorpm2. Iffour numbers are in dire^ 
proportion, the fourth term is equal to tbepro^ 
du^ of the fecond and third, divided by the 
firji. 

Forexample; if6:2::i2:4, then 2X12 
=z=24, and 24-7-6=4, the fourth number. 
Or generally, ^s aibxicid^ xhtn b^^, zni, 
^^-aisrf; which is more frequently ex- 

prelled thus, =</. 

a 

N. B. On this Theorem, the rule of 
three direct, in conamon arithmetic, is 
founded. 
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proportional by divifion * ; that is, for injiance^ 
j^ 6: 2:: 12: 4; or generally , if axhwc^xd : 
then it will aJfo be, as 6 — 2: 2:: 12 — 4:4 i 
or generally y as a — h \bi: c — d\ d. 

For 6 — 2 being =4, ^nd 1 2 — 4=8, the 
Theorem is, 384:2:18:4^ for the produft 
of the extremes ==4X4=16 } and the pro- 
duft of the means 2X8 is alfo =2516 ; .*. 
6 — 2:2::i2 — 4:4; or generally, ^% a — Ixb 
\\c — d\d: as in the Theorem. 

THEOREM7. [l^V>. ^.) If four quantities 
are proportional y they will alfo be proportional 
by converfion ; that is, if 6:2:112:4. ; or gene- 
rally, as aib::c:d; then will 6 : 6 — 2 : : i a 
: 18 — 4; or as, a:a — biicic — d, 

For 6 — 8 being =4; and 13 — 4±=:8; 

the analogy is, 6 : 4 : : 12 : 8. The product of 

the extremes, 6x8=48 \ and the produft 

of the means, 4Xi^ is alfo =248 ; ••• 5, 4, 

18, and 8, are proportional; that is, 6:6 — 8 

;:i8:i8 — 4; or, d:a — biicic- — d. As in 

the Theorem, 

Theorem 

* Dixfifim here does not mean an arithmetical divifion; 
but only, that the line or number, &c, is ftippofcd t# 
be divided into two parts ; and were it not for deviating 
from Euclid's Terms, I ihould rather have iaid» by 
Subtra&ion, 
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Theorems. (16D.4.) Iffournumbers 
are proportional^ they will al/o he proportional 
mixtly i thatiSf 1/6: 2:: 12:4; or generally^ 
aibiic\d; then will 6^216 — 2:: 12^4:12 
— ^4 ; or generally p as a^t : a — i : : r-f-^: c — d. 

For 6-[-2=8 ; 6— 2=^. ; i2+4==i6 ; 
12 — f — ^ \ then, by the Theoreai, the 
analogy is 8:4:: 16:8. The produd of the 
extremes is =8x8=64 ; and the produft 
of the<means =4X16=64 alfo ; •.* 6+2 
: 6 — 2 : : 1 2+4 : 1 2 — 4. O r, generally, a^i : 
a — tiic-^dic — d; as in the Theorem. 

Theoremq. (i7E.6,ori7D.4.) ff three 
numbers are proportionaly the product of the 
two extremes is equal to thefquare of the means; 
thus p for injlancey 2, 4, 8, are three propor- 
tional number Sy by Definition 5 ;/ir 2 : 4::4:8 ; 
or generally y if ay by r, denote three propor^ 
tional 'numbers y that isy if aibiibiCy by 
Definition 5, they are proportional ; then we 
affirm y that ay^Cy the produSl of the extremes ^ 
isz — byc^by the fquareof by the mean number. 

Forif 2:4::4:8, then the produfi of the 
extremes is =2X8=:i6 ; and 4X4* ^^ 
fquare of the mean is alfo =16. Or gene- 

K rally. 
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rally, if atiiiiiCy then the produS of the 
extremes aX^'=^Xh the fquare of 6, the 
mean. 

Corollary* Hence; if 2 : 4 : : 4 : 8, the fecond 
term 4, by Definition 5, is a geometrical 
mean, the fquare of which, bythisThe Qr<?m, 
is =2X8=16 ; and confequcntly, y^ 2 X 8 
SS4 is that mean; Or generally, i, the 
geometrical mean between any two num- 
bers, expreffed by a and c, issszi^a'Xc. 
But, by Definition o, the arithmetical mean 

of 2 and 8 IS =: — ^ — ^=-— ^=5 ; or gene- 

rally, between a and ^ = . So that 

the geonletrical mean between 2 and 8 is 
=4 ; but the arithmetical mean =±5. 

From reviewing the precedingTheorems, 
we may draw up, as it were, a propor- 
tional Speculum*, which may be of 
the grcateft ufe to yoiing Students. 

If 

* I have made ufe of the term Speculum above ; 
becaufe, as a perfon can fee die vhole of his lace at 
once in a glafs, fo here, at a (ingle glance, he may fee 
at one view, the principal propofitions which are con- 
uined in Euclid's very difhcnlt vth. Book, and fooie 
of the vith; with fome ul'eful theorems not in tbat 
Authbr. For I have purpof^ly condenfed the theorems 
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The SPECULUM. 

Ifl. a\h\\c\dy in direft proportion, then 
ay^d=bY^Cy by Theorem I. 

,. ^ iXi. Theorem 2. 



3. l\a\\d\Cy called inverffly. Theorem 3. 

4. a\c\\h\dy alternately. Theorem 4. 

5. a\b\h\\c-\'d\d, comfoundedly. The- 
orem 5. 

6. a — bxbwc — d\d^ By divijion. The- 
orem 6. (See the npte.) 

7. a\a — bzicic — d^ By conversion > — 
Theorem 7. 

8 . a-\-b : a — b : : c-^-dx c — d. Mixtly. The- 
orem 8. 

.9. If 3 numbers, aybyCy are in propor- 
tion, viz. as axbwbxcy then bycfisizaY^c. 
Theorem 9. 

10. The geometrical mean between any 

two numbers a and r, is sss ^/ayc^ci 
Corollary, Theorem 9. 

1 1. The arithmetical mean between a arjd c 

is =: — r — . Corallary, Theorem 9. 

as it were, into a much Jefs fpace than in any treatife, 
that has come to my hands ; by giving barely the thed- 
rems, without any mixture of demonftrations. Ma&y 
years iince I was fo fcniible of the importance of fucn 
views, that it induced me to- give in my Geometriciarif 
a Speculum ; in which the theorems are fo regularly 
claiied, as to enable a young fiudent, when in want of 
one, readily to find a proper theorem to anfwer His' 
p%^icular purpofe, without being obliged carefully to 
nunt or turn over Euclid, leaf by leaf, &om one end 
to the other. 



I 
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N. B. If the ftudent Is defirous of feeing 
this fubje6l more fully treated of, and more 
ftridly demonftrated, he may confult my 
Elements of Geometry ; in which the 
theorems are demonftrated in an eafier 
manner, than Euclid's method would admit 
of. 

CONCLUSION. 

We have now gone through what was 
propofed, viz. to deliver the principal or 
more valuable Propofitions of Geometry, 
and (hewn their truth, for the mod part, by 
michanical proofs; and where thefe were 
not convenient, as particularly, in the doc- 
trine of Proportion in ttis" viiith Book, 
by the moft (imple anoeafieft method that 
could be devifed* 

Though the knowledge of Geometry, 
conveyed by this method, may be fufficient 
for moft perfons, yet if the Author^could 
prevail, he would advife every one, de- 
iirous of acquiring a habit of thinking and 
reafoning with precifion, not to reft here ; 
but to ftudy a more ftri6t method of dpmofif- 
tr^tion, as given in Euclid or in mf Gee 

m^rieian ; 



^ 
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metrician : For it has been allowed by 
Mr. Locke^ Dr. Barrow^ and other proper 
judges, that, following the ftrid geometrical 
method of demonftration will conduce, to 
our acquiring the true art of reafoning, 
more than all the fyftems of Logic* of the 
fchools. It is not indeed neceflary that all 
men (hould be profound mathematicians ; 
but it is commendable, it is neceflary, to 
acquire that way of reafoning, to which 
Geometry neceflarily hkbituates the mind. 
'* Would you have a man reafon, (fays 
Mr. Locktf in his Eifay on human under- 
{landing} you muft ufe him to it betimes \ 
exercife his mind in obferving the con- 
nexion 

* Mr. Locki thought (b little of Rhetoric and Logic^ 
in conducing to make a good realbner, that in hii.^^f2m 
cm Educatumf he fays, *< I have feldom or never oh* 
ierved any one to get ^e (kill of reafoning well, or 
rpeaking handfomely, hy ftndying thofe rules which 
tney pretend to teach ; and therefore I would have a 
young gentleman take a view of them in the ihorteft 
fyfiems could be found, without dwelling long on th^ 
contemplation and ftudy of thofe formalities. Right 
reafoning is founded on fomediing elfe than predica- 
9ieBts a^ preddcables, and does not confift in talking ia 
mode and figure itfelf."-— If you would have your Tm 
fpeak well, ** Let him be converiant in Tidly^ to give 
him a true idea of eloquence ; and let him read thofe 
things that are well writ in Englifik, to perfe£l his ftyle 
in the parity of onr la^iguage. if fare not to let your 

foa 



86 Conclusion BooK viii. 

m^ion of ideas, and following them in 
train. Nothing does this better than the 
mathematics ; which therefore, I think, 
fhould be taught all thofe who have time 
and opportunity, not fo much to make them 
mathematicians as to make them reafonable 
creatures ; for, though we all call ourfelves 
fo, becaufe we are born to it, if we pleafe, 
yet, we may truly fay, nature gives us but 
the feeds of it. We are born to be, if we 
pleafe, rational creatures, but it is ufe and 
exercife only that make us fo ; and we are, 
indeed, fo no farther than induftry and ap- 
plication have carried us." In 

fpn be bred up in thelSrt and formality of difputtng, 
cither pra£liring it himfelf, or admiring it in others; 
uinlefs, inftead of an able man, you deure to have him 
an infignificant "wrangler, opiniatre in difcourfe, and 
priding himrelf in contradicting others ; or, which is 
'worfe, queOioriing every thing, and thinking there is 
no fuch thing as truth to be fought, but only vi£lory in 
difputing. l>uth is to be found and maintained by a 
mature and due confideration of things themfelves, and 
not by artiScial terms and ways of arguing, which lead 
aot men fo much into the difcovery of truth as into a 
captious and fallacious ufe of doubtful words; which is 
thr moO ufelefs and dlfingenuous way of talking, and 
mo{> unbecoming a gentleman, or a lover of truth, of 
^y thing in the woildj* 



APPENDIX. 87 

IN my Gcornetrician, for the amufement of 
young Students^ I gave a few Paradoxes 5 and, 
with the fame defign, fhall here give two addi- 
tional ones. 

Paradox 1. A line may be conceived con- 
tinually to approach nearer and nearer to another 
line, and yet, if infinitely continued would nevet 
ineet. 

Paradox 2. A Gentleman has four rooms, 
with a hole in each window-ihutter -, and, for 
making experiments, he has frequently occafion 
to darken lometimes one room, fometimes an- 
other 'y and though the holes in the fhutters are 
of different formis, viz. in one the hole is a 
circle, in another a triangle, in the third a fmall 
oblong, and in the fourth a larger oblong, yet 
he has but one piece of wood, fo formed as to 
fill or clofe either hole, as occafion may require. 

If, after fome confideration, the young Pupil 
does not difcover the poffibility of thefe Paradoxes, 
he may then, but fhould not before, read the 
following explanations. 

SoL.uTio'N to Paradox 1. An AJJ^mptote to an 
l^ferhola will anfwer this Paradox, as is fhewn 
by the Writers on Come Sc3iom ; but that is a 
fubjefk which requires too much mathematical 
knowledge, to be introduced in this Effay, there- 
fore, take the following more eafy folution, viz. 
Let AC and BDbe two right lines, pei*pendicular C.48 
to each other. From the point A draw any 
number of lines Am, Am, &c. at pleafure. Take 
the diflance BC in your compafles, and fet off 
that difhince from the places of interfedtion of ' 
the feveral lines, with the line BD, viz. from 
cXom, o\om, &:c. then with a Heady hand join 

the 
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the feferal points m, m, m, kc. and the citfve 
line CE will be that required. For that the 
curve line CE approaches nearer and nearer t6 
the line CD> as the points m, m, &c. become 
more remote from the line AC« appears from a 
bare infpedion of the figure J the perpendiculars 
mn^ mn, &c. decreafing : And that^ if infinitely 
continued it would never meet the line BD> 
maybe eafily underftood^ by confidering that 
the point A being above the line BD, the line 
Am, however far off from the point B^ mufl in- 
terfed and form an angle men-, and ncm will 
be a right angled triangle -, and coiifequentlyj 
however fmall the triangle is^ it mufl have a 
perpendicular cm, which though indefinitely 
uort, mufi be a real diftance -, and confequently, 
the point m can never coincide with the point is| 
and therefore the lihes BD and C£ can never 
touch. 

• 

N", B. In the Paradox it is faid, A line may 
be conceived to approach continually ; becau^ 
it cannot be a6hially drawn, as the lines would 
then have fome breadth, and confequently, when 
the perpendicular mn becomes leis than the 
breadth of the lines, they would run into eadb 
other. 

Paradox 2, explained. Among the apparatus 
is a piece of mahogany, like a ruler, with holes* 
as defcribed in the Paradox ; and alfo a piece of 
wood in form of a wedge, with a circular bafe. 
It is manifell, the bafe being a circle will fill 
a roimd hole 3 if the piece be put in the flat 
way, it fills the large oblong hole ; if fidewayi^ 
it will fill the triangular hole 3 and if put in %$ 
a wedge, it will ihut up the fmall oblong hole. 
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Note to Problem 9. Bookvii. 

The pra6tical rule generally made ufe of 
for meaiuring the fruflum of a cone is — To the 
froduH of the top and bottom diameters add 
one-third part of the fquare of their difference, 
and mtdtiply the fum by the height, and that 
frodu3 hf *7854 ivill give the content 5 ia 
cubic feet, if the dimenlions were taken in feet; 
but if in inches^ as is always done in gauging, 
the content will be cubic inches -, which divided 
by 282 will give the content in ale gallons j if by 
231, in wine gallons. But for the purpofe of 
gauging round veffels, inftead of multiplying by 
.7854, and then dividing by 282 or 231, it is 
more expeditious to omit multiplying by .7854, 
and make ufe of the divifor 359 for ale, or 294 
for wine gallons. 

This rule is deduced from the rationale givea 
in the problem \ but by a method too foreiga to 
our prefent defign, to be here introduced. 

Note to Book v. Section ii. 

In problems 9, 10, and 11, feveral methods 
of taking heights are ihewn, built on the dodrine 
of fimilar triangles. But if a tower or any building 
is ere6ted on an horizontal plane, its height 
may be found independent of fimilar triangles, 
and without any quadrant or other infbnment 
for taking angles, by the following fimplc method. 

On a piece of board draw two lines, viz. one 
perpendicular to the other. Stick two pins up- 
right on one of the lines, as far diflant from each 
other as conveniently may be, bife6t the right 
angle, and at the angular point hang a plumb-line; 
then (landing at a diftance (as nearly as you can 
guefs equal to the height of the objed) hold the 
board fo that the two pins may be in the dire6tion 

L ^1 
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of the top of the objeft ; and obfisrrc if the 
pliunb-line ifalls on the bjfe6ting line^ if ppt^ 
walk backward or forward till it does ; then will 
Card the angle HFD and FDH be equal, ?nd con- 
38 fequently, if we meafure from A tg C (which is 
equal to FH) the diflance will be equal to HD j 
to which adding HC equal to FA, the height of 
the man's eye, we ihall have CD, the hei^t of 
the obje6t required. 

N. B. The methods fhewn inproblepos 9 and 1 1 
will hold good when the objea is on a regular 
afcent or defeent, as wpU as if on an horizontal 
plane, as the triangles Will in fuch cafe be alfo 
fimilar. 

Though in p. 84, 1 jirecommendcd ftudying the 
ftri6t method of djemonflration ufed by the 
ancients 5 yet I would be underftood as recom- 
mending it only in i degree. For, if a young 
man were obliged to ftudy Euclid thoroughly, it 
would be too great a wafte of time, which might 
have been more ufe^Uy employed 3 for though 
^t the tinje Euclid wrote, any perfon who under- 
flqod his elements ^vould be accounted a good 
niathematiciaa, yet now thefe muft only be con- 
sidered as an introduQ:ion to other branches of 
fcicnce. It certainly would be better, after 
having acquired a competent knowlcclge of the 
moft ufefm propofitions with their llri6k demonf- 
trations, to apply them to pradical purpofes 5 to 
mixt matlaematics ; to enquire into the worl^ of 
nature and art. And here a very extenfive and 
delightful field opens to view ; fully fufficient to 
employ his underftanding, to make hip a more 
ufeful member of fociety, and enable him to fee 
more of the goodnefs, wifdom, and poy/er of God, 
in the creation and prefervation of all things, . 



THE END, 
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Additional Subfcribers, received after the Lift wat wgrked off*. 

Sir Edw^n'd Williams, Baronet, Clifton, 2 Copies 
Mr. James Vicary, White-Chapel, London. 

In the following ERRATA b fignifies to count from 

the bottom. 

P. 19, 1. 6, {qt fame are x.famejide are', P. 20. 1. 9,^. 
for EFB r. AFG. P. 23, 1. 2, for is r. are. P. 3$, 1. 14, 
for tbut r. then. P. 37, 1. 12, for tt'/7/ r. ^ould, P. V4»l. 6, 
dele of. P. 49, on the tiile-linc, for Tbeoremi r. Problems, 
P. 51. 1. 7. for DC r. DE. P. 55, 1. 15, for CE 
r. CD; and 1. 16, for FG r. FE. P. 60. L 3, for 
is r. are. P. 78. 1. 2, dele tbefroduSf of. P. 84, 1. xo, b, 
for eajieft r. the eafiefi ; and 1. \.b. for my r. his. 



PROPOSALS / 

for re-printing and publifli<ngi>y Subfcription, 
ESSAYS on Arithmetic, Vulgar and Decimal^ 

with Additions ; 

By Ben jAMi N Don NX, Senior, 

This Book was originally written in the 24th year of the 
Author's age, (who is now in his 68th.) It contained sot 
only liitpraSlica/ rules ; but aifo the reafons and demonfhra^ 
tions of all of them ; with fo much of the theory and of 
univerfal Arithmetic or Algebra, as are ncccflary for under- 
ftanding the practice and demonftrations ; and a general Pre- 
face on the ufefulnefs of mathematical learning. It was not 
merely a fchool-book for children, of which we have num- 
bers already ; but a book prOj:er to be put into the hands of 
the fenlor pupils in academies, or after they had left fchool, 
for their farther improvement in numbers. 

CONDITIONS. 

1 . This Work will be put to the prefs, and printed in 
oAavo, demy paper, as foon.as a competent number of copies, 
fufficient to bear the ablblute expence, are fubfcribed for. 

2. The price on account of the intended additions, advance 
in paper and printing, may probably amount to (but (hall not 
exceed) tight Shillingt in boards: and if the number of 
fubfcribers (hould be fufficient to render it at a lower price» 
it will be done. 

3 . The Author (hall be glad to receive the names and refi- 
dene* of fubfcribers (free of poftage) without any money in 
advance, till the number fubfcribed for (hall encourage him 
to put it to the prefs 5 when," if deiired. Four Shillings ar4 
to be paid in hand. 
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♦»• Lettfri, by poft, (hould be dire6lcd to B. t>oNNE, 
Senior y Briftol. 

Mr.DoN N B hasalfo nearly fcady for the Prefs, thtE/ementt 
cf Navigation y both in theory and pradicc, which will con- 
tain not only what is common on the fubjed^, but fome new 
and ufeful particulars. — Price (as nearly as can be at prefent 
afcertained) Twelve Shillings. 

The following books, and inftruments, &c. are publifhed 
byB. Don N E. — i. EfTays on Arithmetic, Tulgar and deci- 
mal, price 6t.* — 2. The Accountant, with Circulating Deci- 
mals, 4s.-— 3. The Geometrician, with Trigonometry, 6s. 
— The Britifh Mariner's Affiftant, 6s.— $. The Navigation 
Scale improved, with its Ufe, 5s. — 6. The Variation Inftru- 
ment, as. — 7. The Lunar and Tide Inftfument, 2s. 6d. — 
S. Ge-organon, for folving the Problems of the Terrcftial 
Globe, los. 6d. fitted up. — 9. The Analemma, for folving 
tht Problems of the Ccleftial Globe, 4s. — 10. The Ufc of 
the Ge-organon and Analemma, price is. — ti. The Nauti. 
cal Pocket Piece, 6d. — 12. Map of the Country eleven 
miles round Briftol, il. is. on Cloth, &c. — 13. Plan of (he 
City of Briftol, is. 6d. — 14. His Map of the County of Devon, 
which obtained the Premium of lool. of the Society of Arts, 
QA twelve Sheets of imperial Paper, is fold at Exeter. — 15. 
An abridged Map of the Country round Briftol, 5s. — 16. Nau- 
tical Protractor, for expeditioufly finding the Ceurfe to, or 
bearing of places on Charts and Maps, 6d. — 17. A Map of 
the Weftcm Circuit of England, containing the Counties of 
Hants, Wilts, Dorfct, Somerfet, Devon, and Cornwall, 
on four Sheets and a half of imperial Paper, price one Guinea 
in Sheets, il. 7s. on Cloth. — 18. An Analyfis of hisCourfe 
of Lectures on natural and experimental Philofophy, is. 6d. 

(j:^ The Ge-organon and Analemma are very portable. 

Gentlemen inclined to puichafe the Geometrician^ 
or Accountant, are defired to notice that feveral Orders 
have been fent from the Country to London for thefe Books^ 
and the anfwer returned has fipcquently been, Out of Print ; 
but the Author affures them, that Mr. Johnson, St. Paul't 
Church- Yard, has a confiderable number of copies of them 
in his Warehoufe. 

♦ Now out of Print. — See Page 91. 
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